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THE FIRST JOSIAH WILLARD GIBBS LECTURE 


The first Josiah Willard Gibbs Lecture was delivered 
under the auspices of this Society on February 29, 1924, 
by Professor M. I. Pupin, of Columbia University, in the 
auditorium of the Engineering Societies’ Building, New York 
City. A large and distinguished audience was present, 
including, besides members of the Society, many physicists, 
chemists, and engineers who had been invited to attend. 

In introducing the speaker, President Veblen spoke as 
follows: 

“Tn instituting the Willard Gibbs Lectures, the American 
Mathematical Society has recognized the dual character of 
mathematics. On the one hand, mathematics is one of the 
essential emanations of the human spirit,—a thing to be 
valued in and for itself, like art or poetry. Gibbs made 
notable contributions to this side of mathematics in his 
work on vector analysis and multiple algebras. 

“On the other hand, mathematics is the handmaiden and 
helper of the other sciences, both in their most abstract 
generalizations and in their most concrete applications to 
industry. In this field Gibbs may be justly described as 
transcendental,—even if we think only of his work in 
thermodynamics. For his paper On the equilibrium of hetero- 
geneous substances is one of the foundation stones of physical 
chemistry. 

“It is hoped that the Willard Gibbs Lectures will remind 
the mathematicians of something that we fear they some- 
times forget,—the existence of an outside world. It is 
equally hoped that they will remind the outside world that 
mathematics is a going concern,—not a pedantic exercise 
for the torment of school boys, but a living organism 
growing larger and stronger each year. Also it is intended 
that these should be lectures which we can all understand. 
We hope not to have an experience like one I heard of 
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last summer. A friend of mine, an astronomer, was describ- 
ing to me his attempt to read a book by Einstein. At a 
certain point Einstein says ‘Until you have grasped this 
point, dear reader, read no further.’ ‘At this point,’ said my 
friend, ‘I closed the book and have never opened it again.’ 

“Tn asking Professor Pupin to give the first Willard Gibbs 
Lecture we have made sure that we shall not be tempted 
to close the book before we finish it. For we all know 
him not only as an eminent physicist and electrical engineer, 
but also as a rich and vivid personality and a teacher who 
has inspired more than one generation of students. He 
is well known to you as a man who has made brilliant 
applications of mathematics to electrical problems. But on 
this occasion we recall with special pleasure his connection 
with the American Mathematical Society. He is one of 
its charter members. He contributed a very famous paper 
(Wave-propagations over non-uniform electrical conductors) 
to the first volume of its TRANSACTIONS, and since the recent 
incorporation of the Society he has been one of its trustees. 
May I introduce our fellow mathematician, Professor Pupin.” 

The very illuminating lecture that followed marked the 
inauguration of what is confidently expected to be a notable 
series contributing to an appreciation on the part of the 
educated public of the role that mathematics plays in 
modern thought. Under the title Coordination, the lecturer 
divided all physical phenomena into two groups: first, 
coordinated phenomena, illustrated by planetary motions, 
and second, non-coordinated phenomena, illustrated by mole- 
cular motions. Newton, Faraday, and Maxwell laid the 
foundations for the dynamics of coordinated phenomena, 
and prepared the way for’ the study of non-coordinated 
phenomena. Sadi Carnot, with his second law of thermo- 
dynamics, led the way into the study of the dynamics of 
non-coordination. The discovery of the fundamental laws 
of radiation by Kirchhoff, and the development of the 
kinetic theory of gases by Maxwell, Boltzmann, and Clausius, 
gradually disclosed the physical fact that all radiation from 
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hot bodies is a non-coordinated process, and that by far 
the greatest quantities of energy in the universe are in a 
non-coordinated form. The lecturer showed that the work 
of Gibbs in thermodynamics, in particular his generalization 
of Carnot’s law, entitles him to the position of one of the 
founders of the science of non-coordinated motions. 


R. G. D. RICHARDSON, 
Secretary. 


THE MARCH MEETING OF THE SOCIETY 


The two hundred thirty-fourth regular meeting of the 
Society was held at Columbia University on Saturday, 
March 1, and was preceded, on February 29, by the first 
Josiah Willard Gibbs Lecture (see this BULLETIN, p. 289). 
The attendance at this meeting included the following 
forty-seven members of the Society: 

Alexander, Babb, Barnum, Bernstein, W. M. Bond, E. W. Brown, 
R. W. Burgess, Coolidge, Cowley, Eisenhart, Fields, Fite, Gafafer, Geh- 
man, Gilman, Glenn, Grove, Guggenbihl, Hausle, Hill, Hille, Himwich, 
Huntington, Joffe, Kellogg, Kline, Langman, Harry Levy, Mirick, H. H. 
Mitchell, C. L. E. Moore, Mullins, Pell, Post, Rainich, Reddick, R. G. D. 
Richardson, Ritt, Seely, H. D. Thompson, Veblen, H. E. Webb, Wedder- 
burn, Weiss, H. S. White, Whittemore, J. W. Young. 


The Secretary announced the election of the following 
persons to membership in the Society: 

Dr. Maria Castellani, Bryn Mawr College; 

Miss Laura Guggenbiihl, Bryn Mawr College; 

Mr. Henry Alfred Hoover, Washington University; 

Professor Benjamin Hoffman Kerstein, State Teachers’ College Silver 
City, N. M.; 

Professor James Shannon Miller, Emory and Henry College. 
Thirty-seven applications for membership were received. 
On recommendation of the Council, the following amend- 

ment to the By-Laws was presented to the Society: to 

insert in Section 1 of Article III the words “of ex-presidents, 
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for a period of six years after the expiration of their 
respective presidential terms,” so that the section shall read: 

“Section 1. The Council shall consist of the officers 
specified in Article I, of ex-secretaries who have served 
as Secretary for ten years or more, of ex-presidents for a 
period of six years after the expiration of their respective 
presidential terms, and of fifteen additional elected members 
chosen in accordance with Article IV, Section 2.” 

The Society voted to adopt this amendment. 

At the meeting of the Council, the appointment of the 
following committees was announced: On arrangements for 
the Annual Meeting of 1924, to be held at Washington: 
Professors H. L. Hodgkins (chairman), J.T. Erwin, Archibald 
Henderson, A. E. Landry, F. D. Murnaghan, and J. M. Page, 
Miss Elizabeth W. Wilson, and the Secretary; on the 
Second Award of the Boécher Prize: Professors G. D. Birk- 
hoff (chairman), L. E. Dickson, and H. S. White. 

The report of the Auditing Committee, appointed to 
examine the accounts of the Treasurer, was presented to 
the Council for its information; this report shows a balance 
for the general funds of the Society, as of December 15, 
1923, of $9,638.78, of which $5,726.91 is held as reserve 
to protect life memberships and $2,500 is estimated as 
required for printing the outstanding numbers of the BULLETIN 
and TRANSACTIONS for 1922 and 1923. 

The Committee on the next Colloquium reported a re- 
commendation that it be held at Cornell University in the 
summer of 1925; this recommandation was adopted. 

President Veblen presided at the scientific sessions, re- 
lieved by Professors E. W. Brown, H. S. White, and Vice- 
President J. H. M. Wedderburn. Titles and abstracts of 
the papers read at this meeting follow below. Mr. Van de 
Walle was introduced be Professor Huntington. Professor 
Murnaghan’s paper was read by Mr. Rainich, and Mr. 
Van de Walle’s by Professor Huntington. The papers of 
Alexander, Garabedian, Michal, Moore, Murray, Rainich 
(third paper), and Stone, were read by title. 
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1. Professor F. D. Murnaghan: The outer multiplication 
of integral forms. 

The author gives a short proof by means of tensor algebra 
of a known theorem on the composition of integral forms. 
In any space S,, not necessarily metrical, of n dimensions, 
the generalised Kronecker symbol 051°:: (p<) may be 
defined by the following properties. It is alternating in 
both the upper labels r,--- 7, and the lower labels s, --- sp. 
It has the value zero if the group 7,--- rp is different 
from the group s,---s, and has the value +1 according 
as the arrangement r,--- 7p is of the same class as the 
arrangement s,--- sp or not. The symbol d;!':'2 defines 
a mixed tensor of rank 2p. If we have two alternating 
covariant tensors A;,...4, and Bm,...m; of ranks 7 and 7 
is an alternating covariant cian of rank i+). If we 
construct integral forms with the components of the alter- 
nating covariant tensors as coefficients, the form of rank 
i+y is the outer product of the two forms of rank 7 and 7 
respectively. It may be expressly mentioned that the tensor 

fess 1: is non metrical, i.e., the S, need not be Riemannian 

nor need it have a geometry of paths. Thus the usual 
presentation, in the special case p = 1, of 05! as equal to 
gs! = is unfortunate. 


2. Mr. G. Y. Rainich: A me-dification of tensor analysis. 


In this paper, vectors are represented by their components 
with respect to a special system of rectangular axes at 
each point, and points, as usual by ” coordinates. The deri- 
yative of a tensor p of rank zero is given by (9/dzp) - bpi, 
where bj; = bj, and the derivative of a tensor YW; of the 
first rank by (64%/dxp)-bej+Yp TE, ete. If we require 
that (1) the derivatives of the Galvan tensor 46; be zero 
and (2) the second derivatives of a tensor of rank zero be 
independent of the order of differentiation, we find that 
T‘, is one-half the determinant made up of three rows of 
three terms each: dajip/dxe,---; bip,---; bio, Where 
the aj are the coefficients of the inverse transformation 
with respect to the bj. There is no distinction between 
covariant and contravariant quantities. This representa- 
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tion and the usual one are connected by the formula 
Gij = Gip-ap;. Greek letters indicate a summation. 


3. Mr. G. Y. Rainich: On the electromagnetic field in general 
relativity theory. 

If at each point two perpendicular planes are given, we 
say we have a skeleton. A skeleton defines at each point 
two vectors p and g. The principal planes of the tensors 
of an anti-symmetrical field constitute a skeleton; in order 
that an anti-symmetrical field satisfy the Maxwell equations 
it is necessary and sufficient that the vectors p and q be 
gradients. If we have a Maxwellian field a necessary and 
sufficient condition that the planes of its skeleton may be 
considered as tangent planes to two families of surfaces 
is that the vector qg be zero. The known energy relation 
which connects the contracted curvature tensor Fi with 
the electromagnetic tensor imposes on Fj the condition that 
the secular equation formed with the Fy have two positive 
and two negative roots all of the same absolute value. 
Geometrically it means that Fy defines a skeleton. The 
vector p of this skeleton is a gradient as a consequence 
of the general properties of curved space, but the condition 
that qg be a gradient seems to impose a new condition on 
the space. 


4. Professor R. E. Gilman: The remainder in Charlier’s 
integral formulas. 
The formula 


s—l1 
= oD. — A(a)] 
e/a 


+ C,0[A"A(b) — A” A(a)] + R” 


is typical of those considered. In this formula, A(z) is a 
single-valued function with a continuous mth derivative in 
the interval a< 2<b+ no, s is an integer, » = (b—a)/s, 
and AA(a) has the customary meaning defined by the relations 
= Ka + o)—Ka) and = A(A*A(a)). An in- 
vestigation of the remainder #, is carried out from two 
different points of view. The principal result of the paper 
is that 
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a1 

> gyn (a+) dt 
Ry = o+1(b—as (§) (n+1)! t, 


a<&<b+m. 


5. Professor Einar Hille: An existence theorem. 
The integral equation of the Volterra type 


w(z) = + sin (t —z)O()w(t)dt 


is studied, in this paper, for complex values of z. The 
functions wo(z) and @(z) are supposed to be single-valued 
and analytic in the strip A < a, By < y < Bs (¢=2+iy) 
and to be bounded in absolute value; @(z) in addition satis- 
fies | @(z)| < M/\z)!+”, y>0. The path of integration is 
a straight line parallel to the real axis. The existence is 
shown of a unique solution which is single-valued and 
analytic in the strip. The continuation of the solution out- 
side of the strip in a sector is studied in the case in which 
wo(zZ) = + *. 


6. Professor E. W. Brown: A proof of the instability of 
the motions of asteroids whose periods are half that of Jupiter. 


This paper consists mainly of an announcement of a proof 
of the instability of the motions of asteroids which have 
half the period of Jupiter. The well known gap in the 
distribution corresponding to this period has long been a 
puzzle. It appears that the instability is mainly one which 
causes eccentricities to increase so much that the con- 
figurations cannot be maintained. 


7. Dr. C. A. Garabedian: Thick rectangular plates. 


The author has recently presented a method of series in 
elasticity* in connection with its applications to Circular 
plates of constant or variable thicknesst and to Rods of 
constant or variable cross-section.; When the method is applied 
to rectangular plates the differential equations are partial 
instead of total, and the difficulties of integration are such 
that it is natural in a first presentation to avoid the com- 
plicated case of variable thickness. In the present note 


* This April and May, 1923; Comptes vol. 177 
(1923), p. 942. 

+ TRANSACTIONS OF THIS SocrEtTy, July, 1923. 

{ This paper will appear in an early number of the AMERICAN JOURNAL. 
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the method of attack is illustrated by a computation of the 
exact solution for a rectangular plate of constant thickness, 
supported at the edges and under uniform pressure. The 
results will be found in the Compres RENDUS in a note 
entitled Plaques rectangulaires épaisses. The author will 
show later how the method of series applied twice (secondly 
to the auxiliary partial differential equations which present 
themselves in the plate problem) leads to total differential 
equations and furnishes new solutions for beams of rect- 
angular section. 


8. Dr. F. H. Murray: Generalization of certain theorems 
of Bohl. 


The object of this paper is the generalization of certain 
existence theorems obtained by P. Bohl, concerning tra- 
jectories which remain in the neighborhood of a point of 
equilibrium for a one-sided variation of the time, or for all 
values of the time. When the equations in generalized 
coordinates of a dynamical problem are satisfied by a 
set of constant values of the variables, the theorems of 
Bohl cannot always be applied; in certain cases, however, 
similar theorems can be obtained by similar methods, and 
in this article a number of these are derived. They include 
the corresponding theorems of Bohl as special cases. (See 
P. Bohl, Uber die Bewegung eines mechanischen Systems in 
der Niihe einer Gleichgewichtslage, CRELLE’s JOURNAL, Vol. 127, 
pp. 179-276.) 


9. Mr. A. D. Michal: Functionals of closed plane curves, 
inveriant under one-parameter groups of transformations of 
the plane, and generalizations. 


In a previous communication presented to the Society 
(Annual Meeting, 1923) the author commenced the study 
of functionals of closed plane curves invariant under a given 
arbitrary continuous one-parameter group of transformations 
of the plane. In the present paper the writer continues 
his discussion of such invariant functionals of closed plane 
curves. Furthermore the theory is extended to the case 
of functionals of closed plane curves depending in particular 
on a point on the curve. Generalizations of this invariant 
theory are effected in the case of functionals of closed n —1 
spreads in n dimensions. 
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10. Mr. M. H. Stone: An wnusual type of expansion 
problem. 


In the present paper, the boundary value and expansion 
problems arising from the differential systems w’-+ Apu = 0, 
u(0)—u(1) = 0, O<a<1, and w’+ Apu=0, u(0)+u(1)—0, 
0<2z<1, are discussed. The function p(x) is bounded, and 
is so restricted that the Lebesgue integral P(x) = Sopa has 
only a finite number of oscillations. The special case when 
p is unity is taken up first. The general case is then con- 
sidered. When P is not monotone, the formal expansions 
of an arbitrary function represent, not the function itself, 
but a related function which may, in special cases, coincide 
with it. Infinitely many functions have the same formal 
expansions in terms of solutions of the two differential 
systems. 


11. Mr. M. H. Stone: On the order of an analytic function 
at a singular point. 


Hadamard in his These defined the order of an analytic 
function at a singular point (JOURNAL DE MATHEMATIQUES, 
ser. 4, vol. 8 (1892), pp. 101-186, part III). He did not 
prove the existence of the order. Later writers on the 
subject have neglected to give proofs, or have given in- 
correct proofs. In the present paper a demonstration of 
the existence of the order is given. 


12. Professor J. R. Kline: Theorems concerning the division 
of a plane by continua. 


Suppose the bounded decomposable continuum M, lying 
in the plane S, is such that if g is any closed connected 
subset of VM, then M—g is connected. Under these con- 
ditions, the author proves that M must divide the plane. 
He further proves that unless M is a simple closed curve 
it cannot be a continuous curve. 


13. Professor L. P. Eisenhart: Geometries of paths for 
which the equations of the paths admit a quadratic first 
integral. 

A geometry of paths for a general space of m dimensions 
is based upon the conception that the paths are fundamental 
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entities. They are the integral curves of a system of 
differential equations of the form 


where s is a special parameter for each path and the 

a) are functions of the z’s. The present paper 
determines the functions Z%, in order that the above equations 

may admit a given quadratic first integral gj;(da*/ds) (da /ds) 

= const. Veblen and Thomas have solved the converse 

problem: Given the functions F, to determine whether the 

equations admit a quadratic first integral. 


14. Mr. W. E. Van de Walle: On the complete independence 
of the postulates for betweenness. 


Of the eleven sets of postulates for betweenness published 
by Huntington and Kline in 1917 (TRANSACTIONS OF THIS 
Society, vol. 18, pp. 301-325), it is shown that sets 1-10 
are completely independent, while set 11 is not. In the case 
of sets 1, 2, 3, 5, 6, 7, the necessary examples are given 
in terms of a class containing only four elements. In the 
case of sets 4, 8, 9, 10,11, some of the examples require 
the use of a class containing five elements. The failure of 
set 11 to be completely independent is due to the non- 
existence of an example having the following “record”: 
A+, B+, C+, 3—, 4—, 8+. 


15. Professor J. F. Ritt: Equivalent rational substitutions. 
This paper presents several results relative to systems 
of three rational functions (z), az), A(z), for which g[a(z)] 


= g[A(z)]. 


16. Professor J. F. Ritt: New proofs of two well known 
theorems on quadratic forms. 


Let N represent a prime positive integer. It is well known 
that if N= 1, mod 4, it has the form 7, where and 
8 are integers, and that if N —1, mod 6, it is of the 
form a?+ a8-+ 8". The present note proves these results 
by an analytic method, which involves the construction of 
a Riemann surface, and its uniformization with elliptic 
functions. It is not believed that such a method has been 
used before in the theory of numbers. 


| 
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17. Professor R. L. Moore: A characterization of a bounded 
continuum which forms the common boundary of two domains 
in the plane. 


It is shown that if, in a plane S, M is a bounded con- 
tinuum which has more than one prime part and no one 
of its prime parts separates S then in order that S— M 
should be the sum of two mutually exclusive domains such 
that every point of M is a limit point of both of them it 
is necessary and sufficient that M should contain no sub- 
continuum whose omission disconnects M. 


18. Professor R. L. Moore: On the relation of a bounded 
continuum to its complement in the plane. 


In a plane S let M denote a bounded continuum no one 
of whose prime parts separates S. Let the term element 
denote any prime part of M or any point which does not 
belong to M@. Let S denote the set of all elements and let 
N denote the set of all prime parts of M@. An element p 
is said to be a limit element of a set of elements K if for 
every positive ¢ there exists an element belonging to K but 
distinct from p and containing a point at a distance less 
than ¢ from some point of p. It is shown that every “simple 
closed curve” of elements separates S into two “domains,” 
of which a particular one is called its interior. It is shown 
that if the interior of every simple closed curve of elements 
is called a region then all the axioms of the author’s 
Foundations of plane analysis situs* are satisfied. It followst 
that between the elements of S and the points of S there 
exists a one to one correspondence which preserves limits. 
The image (1) of N under this correspondence is a continuous 
curve. Thus, from the stand-point of analysis situs, not 
only is N a continuous curve (of elements) but its relation 
to the remainder of the plane is that of a continuous curve 
to its complement. 


19. Professor J. W. Alexander: Note on Brouwer’s fixed 
point theorem. 


Consider a continuous transformation 7, of an »-sphere 
into itself such that no point is carried into its opposite. 


* TRANSACTIONS OF THIS Society, vol. 17 (1916), pp. 131-164. 
t Ibid., vol. 20 (1919), pp. 169-178. 
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Each point P may then be joined to its image P’ by an 
are of a great circle shorter than half a great circle; con- 
sequently, the transformation may be generated by a (sin- 
gular) deformation and must be of index unity. Now, con- 
sider a continuous transformation 7; with uno fixed point. 
If T. be followed by a reflection, we obtain a transformation 
of the type 7, and index one. The reflection is of index + 1 
depending on whether the sphere is a manifold of an odd 
or even number of dimensions. Therefore, the index of 7% 
must be + 1 depending on the dimensionality of the sphere. 


20. Mr. G. Y. Rainich: On the dependence of the curvature 
upon the electromagnetic field. 


Einstein introduces in his paper Bietet die Feldtheorie 
Moéglichkeiten fiir die Lisung des Quantumproblems? (BERLIN 
SITZUNGSBERICHTE, December 13, 1923) a certain expression 
I’. im Which has the algebraic properties of the Riemann 
tensor and reduces to the energy tensor after contraction. 
If we designate by 2,;,1m the tensor which depends in the 
same way on the dual (magnetoelectric) tensor as Wx, mm 
depends on the electromagnetic tensor, we have in 2;x, 1m 
another expression with the same properties. We can form 
an infinity of linear combinations of these two tensors 
having the same properties. The expression proposed by 
the author in the December number of the PROCEEDINGS 
OF THE NATIONAL ACADEMY is a particular case of this, being 
equal to half of the difference of these two tensors. 


R. G. D. RICHARDSON, 
Secretary. 
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THE EQUATION OF THE EIGHTH DEGREE* 


BY A. B. COBLE 


1. Introduction. The progress of mathematics as a whole 
is occasionally brought to our attention by the appearance 
of some notable book or memoir in which the resources 
of the subject are brought from various fields to bear upon 
a central problem. An early instance of this is the [kosaeder' 
of Klein—the forerunner of the Klein-Fricke series. The 
first two chapters of this book furnish an introduction to 
group theory which is as yet unsurpassed. A later example 
is the book of Hudson on Kummer’s Quartic Surface.? This 
surface, remarkable in itself, is more remarkable for the 
breadth of the theories which attach to it. Central problems 
in these two books are respectively the quintic and the 
sextic equation. It is true that Hudson assumes the solution 
of the sextic when needful, but his book furnishes the 
geometric background for this solution. 

Around the sextic equation there cluster the geometric 
theory of the Weddle and Kummer surfaces and of certain 
modular three-ways in S, as well as the analytic theory 
of the hyperelliptic integrals and functions of genus two, 
a complex in which the methods of algebra and group theory 
have constant play. For the most part the allied geometry 
is within the spaces of our experience, and with the corres- 
pondingly small number of variables the methods of 
ordinary analytic geometry are effective. The analytic func- 
tion theory is also fairly manageable by direct methods. 
When, however, we seek to extend this field of ideas to 
equations of higher even degree complications develop 


* Address as retiring chairman of the Chicago Section of this Society, 
presented to the Society at the meeting in Cincinnati, December 28, 
1923. This is an outline of an investigation pursued under the auspices 
of the Carnegie Institution of Washington, D.C. References to a bib- 
liography at the close of this paper are indicated by arabic numerals. 
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rapidly. The surfaces or manifolds involved lie in spaces of 
high dimension and are defined by many rather than one 
equation. The analytic theory is correspondingly difficult. 
Some solid ground there is, particularly in the theta func- 
tions, but not enough to form a basis for a closely knit 
theory. 

It is the purpose of this paper to exhibit certain points 
of view, certain modes of approach to the general problem, 
and certain analytic methods which can be applied success- 
fully to the octavic and in most cases to equations of even 
degree, 2y-+-2. An indication there will be of a general 
theory which is fairly coherent and perhaps not more vague 
than is inevitable with generalizations of this character. 

It should be remarked that the solutions here sought 
for these equations are solutions in terms of hyperelliptic 
modular functions and not the solutions of Klein in terms 
of the form problems of linear groups, which perhaps are 
more desirable but certainly are less accessible. 


2. Two Linear Systems of Irrational Invariants. (a). The 
given equation defines three sets of points each set on a 
rational norm-curve in its space. Thus the sextic defines 
the set Q§ of points qi, ..., gs on a line S, the set R 
of points m1, ..., 7% On a conic N’ in So, and the set S¢ 
of points ..., On a space cubic curve N’ in Ss. Simi- 
larly the octavic defines sets of eight points, Qs, Ri, Sz on 
respectively the line S;, the space cubic curve N° in S3, and 
the rational norm quintic curve N° in Ss. In general the 
equation of even degree 2p+2 defines the sets Q2p+2 on 
S;, R%p+20n N? in Sp, and on in We 
shall take all of these norm curves N* in S; in the simple 
parametric form, 2; = = 0, ..., and assume that 
the parameters ¢;, ..., tep+2 of the points of each set are 
either the roots of the given equation or are projective to 
these roots. We observe that for the extreme sets Qop+29 
S32—5 the norm curve requirement imposes no conditions 
on the points since on k+3 points in general position in 
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S; there is a unique norm curve N*. The intermediate set 
Rbp+2 is special due to (p—1)* conditions that its points 
shall lie on N”. The extreme sets also furnish one of the 
simplest examples of associated sets (*Theorem 10). 

(b). Invariants of a set of points in S; are formed from 
the determinants of the coordinates of k+1 points selected 
from the set, which are combined in such a way that each 
term is of the same degree in each point. This degree is 
the degree of the invariant. Such invariants are rational 
or irrational according as they are or are not unaltered 
under permutation of this points (41 § 3). The sets Qbp+2 
and R%,+2 have linear invariants which are linear com- 
binations with constant coefficients of products of the 
respective types 


(A): (12)(34) --- (2p +1, 2p +2), = 
J 
(B): (12 ---,p+1)(p+ 2, ---, 2p+2), 
1 
3 


(2422 ooo ip 


The various products of either type are linearly related 
in many ways by the usual determinant identities. The set 
S3p>2 contributes nothing new to this invariant theory 
since its determinants are proportional to the complemen- 
tary determinants of its associated set Qn 2 (*I (25)). 
(c). Obviously if the roots ¢; of the given equation are 
known the numerical values of the invariants (A) are easily 
found. Conversely if the numerical values of the invari- 
ants (A) are known the roots 4; of the given equation may 
be found by rational processes. Thus from (12) (34) (56) 
... (2p+1, 2p+2) and (14) (32) (56) ... (Qp+1. 2p+2) 
we find by division the double ratio (13,24). If we take 
ti, te, % to be 0, 1, oo the values of these double ratios 
determine the remaining roots ¢4, ..., tp+-2 of an equation 
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projective to the given equation. The procedure for finding 
the transformation which converts the known roots ?¢’ into 
the required roots ¢ of the given equation is a known exer- 
cise in binary forms. We shall therefore henceforth regard 
the determination of the values of the invariants (A) as a 
“solution” of the given equation. 

(d). The numerical values of the invariants (B) are in 
immediate relation to hyperelliptic modular functions of 
genus p. The basis notation® for these is very convenient. 
We divide the numbers 1, 2, ..., 2p+2 into equivalent 
complementary sets and name the half periods by an even 
number of subscripts as in Pi,2,..., 2% = Por+1,..., 2p+23 
the even theta functions of first order by a number of sub- 
scripts of the form p+1-+4k; and the odd functions of 
the first order by a number of subscripts of the form 
p+1+2(2k+1), & =0,1,...). The simplest set of 
modular functions are the values of the even functions for 
the zero arguments. When, however, the functions are 
hyperelliptie all of these values vanish except the ones with 
p+1 subscripts (*pp. 456-464). The non-vanishing values 
are connected with the invariants (B) by the remarkable 
relations 
(2) 
where « is a properly adjusted sign (for p = 2, cf. 41, 
p. 194; for p = 3, *p. 111). 

(e). If then we find rational expressions for the invariants 
of type (A) in terms of those of type (B) we have a solution 
of the given equation in terms of hyperelliptic modular 
functions. I shall return in § 3 to a discussion of these 
relations. Meanwhile let us seek for a natural and easily 
extensible way of introducing the theta functions themselves 
into the discussion. For this purpose the set of points Sor3 
plays the important role. 


3. The Generalized Weddle p-way and the Hyperelliptic 
Kummer p-way. (a). Given a general set of k+3 points 
$1, 82, ..., S+3 in S_ we define, by isolating a pair of points 
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$1, 8, a Cremona involution Jj, of order k, projective to 
the type x; = (i =0,1,...,%) which interchanges 
the points s,, s. and has F-points at the remaining k+1 
points of the given set. By considering the effect of these 
involutions upon the directions about the points of the 
given set we find that they generate a group for which 
the following generational relations hold: 


Tishs Tishe Tos, 
(3) = Tisles = = 
= = - - = 


Hence they generate an abelian group of order 2***, G}**, 
all of whose elements are involutory. We observe, how- 
ever, an essential difference between the odd and even 
values of k. When k is odd and therefore +3 even, say 
2n-+2, there is one element of the group, namely 
{4) I = Tye +2 
which is symmetrically related to the given set of 2p+2 
points, $5) 5 (ef. ‘II, p. 369). We define the Weddle p-way, 
Wp, in Sop—1, to be the locus of fixed points of the in- 
volution 7. That there is such a locus of fixed points and 
that it can be expressed parametrically by means of hyper- 
elliptic functions we proceed to prove by a process which 
is new to the literature. 

(b). The two common canonical forms of the hyperelliptic 
algebraic plane curve of genus p are first the form 
(5) = ao(a—h) ... +2), 
commonly used for the development of the hyperelliptic 
integrals; and secondly the curve H, of order p+ 2 with 
a p-fold point at O and 2p+2 contacts 1%, t2, ..., Top+e2 
of tangents from 0. To the so-called “superposed points” 
x, +y of (5) there correspond the pairs of points on Hy 
on a line through O. These pairs constitute the unique g? 
on H, invariant under all birational transformations. The 
form (5) depends upon 2py—1 “moduli” or “birational in- 
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variants”. On the other hand the curve H, has 3p—1 
absolute projective constants. Hence the co%”—! projectively 
distinct curves H, divide into «?—' birationally distinct 
classes, each class containing 00” curves. The oo” curves 
H, in each class are birationally equivalent and it may 
be shown that the curves of a given class may all be ob- 
tained from a given curve of the class by selecting on this 
given curve a p-ad of points and transforming this p-ad 
into the p-fold point of the transform. This may in fact 
be done by Cremona transformations of the entire plane. 
However, each selected p-ad determines its “superposed” 
p-ad and either one of a pair of superposed p-ads leads to 
the same transformed curve. Thus the two aggregates— 
(1) the 00” projectively distinct but birationally equivalent 
curves H,; and (2) one of the curves Hp and the 0? pairs 
of superposed p-ads on it—are birationally equivalent. In 
the next section we connect the first aggregate with the oc? 
points on the Weddle W,; and in the following section the 
second aggregate with the variables of the attached theta 
functions and thereby obtain the desired parametric ex- 
pression of I>. 

(c). Each of the 0” curves Hp has a p-fold point O 
and (2p-+2) branch points 1, t2, ---, T2p+2 Which make 
up a set of points, Top _3. The associated set lies in 
Sop—; and by virtue of a property (®p. 1) of such associated 
sets the points in S2,—1 which correspond to 1, ---, top+e2 
can be identified with the fixed set S252. Then as Hy 
varies in the co?” system the point P in S2)—1 which 
corresponds to O in the plane runs over a p-way in 
Sop—1. In order to identify this p-way with the Weddle 
W, we observe that H, is a locus of fixed points of a 
Jonquiére Cremona involution J, and therefore the set 
T>»+3 is congruent to itself under J. Moreover Jy is a 
product of Jonquiére quadratic involutions J,(O, Ts), 
J,(O, Hence (cf. p. 361) the associated 
set in S2,-1 is congruent to itself under the product of 
the involutions --- , i.e. under 7. Since the 
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F-points of J are all in the set S22 the point P is a 
fixed point of J and therefore a point of W,. Conversely 
for each point P on W, we have an associated set Top +s 
and a curve Hy. The known’ relations satisfied by the set 
Tis lead to geometric conditions on P. Thus for p=2 
the six branch points t are on a conic and therefore P 
is the vertex of a quadric cone on Se— the usual defi- 
nition of W.. When p = 3 the eight points ct and O are 
the base points of a pencil of cubics, whence P and the 
8 points of Ss: are on a pencil of elliptic sextics in S; 
17-18). 

(d). Consider now a fixed curve H, and a p-ad of points 
on it which correspond to the points (z,), ...., (xp) on (5). 
On the Riemann surface of (5) select p paths of integration 
from the fixed branch point ¢, to (a), ...., (zp) respectively. 
If v stands in succession for one of the p normal integrals 
of the first kind and we set 


(6) + + oft) = u, 


then to within multiples of the periods the p-ad defines a 
value system wu = wm, ..., Up and conversely wu defines as 
a solution of the inversion problem a p-ad (x), ..., (xp). 
Superposed p-ads give rise to +u. The particular p-ad at 
the point O is determined by ud. In this way to a point 
P on Wy we attach parameters +d. We readily find (the 
exposition in *Chap. 10 is convenient here) that the in- 
volutions J,2, which in the planar field are represented by 
J,(O, t%, Tz), transform W, into itself and are given in terms 
of the parameters by the simple relations 
(7) d 
where 7,2 is a particular half period. We still have to 
account, on the Weddle p-way, for the 2?” singular points 
and the 2”? singular tangent spaces of the Kummer p-way. It 
is more convenient to illustrate these by the relatively simple 
cases of the sextic and octavic for p = 2, 3 respectively. 
(ec). When p= 2 the six branch points 7,,..., of Hs 
with node at O are on a conic and the discriminant con- 


20* 


308 A. B. COBLE [July, 


dition (ef. °§ 13) that 7, 72, 73 are on a line implies also 
that are on a line. Then we find as in (d) that the 
even function ©,23(d) = ©45¢(d) vanishes. The corresponding 
condition on the associated set S3, P of the set 73 is that 
P is on a plane with 5, so, ss and s4, 85, s, or that P is on 
a quadric section of Wz by the pair of planes 8; 82 83, 84 55 86. 
On transforming this condition on 1 by JO, %, T2); on 
Ss, P by Jie; and on ©,23(d) by (7) we find a second type of 
discriminant condition which is satisfied when tr; approaches 
coincidence with 0; when P approaches coincidence with 
ss; in a direction on the quadric cone with node at s, and 
simple points at the other points of S3, or P is on the 
quadric section of W, by this cone; and finally when the 
odd function ©,(d) vanishes. In this fashion we conclude 
that the quadric sections of W. by quadrics on S§ are re- 
presented by the plane sections of the surface K, obtained 
by setting the coordinates equal to four linearly independent 
theta squares, i.e. of the Kummer surface. If four points 
T1, +, T are Ona line, d = 75, one of the fifteen proper 
half periods, and the point P of Wz is on the line s5 5. 
Finally if P is on the eubie curve N* through S§ the set 
T; is on a conic (*Theorem 10) and Az is this conic doubly 
covered while d= 0. In fact d =O implies that a pair 
of the gj are nodal parameters which can happen only for 
a doubly covered conic for which the pairs of g? are the 
doubly covered points and 0 is any of these double points. 
This is of course the indeterminate case for the inversion 
problem. 

When p = 3 the four linearly independent quadrics on 
Sg above are replaced by 8 = 2” linearly independent cubic 
spreads with nodes at Ss and containing the norm curve 
N° on Sz; and these map W, on the generalized Kummer 
Ks of hyperelliptic type. The 2?” — 64 singular tangent 
spaces arise from the 8 cubic spreads (cones) with respect- 
ively a triple point at one of the eight points of Sg and 
double curve N°; and the 56 degenerate cubic spreads 
which break up into an S, on five of the eight points and 
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a quadric on these five with nodes at the other three. 
These are connected with the 64 theta squares as above. 

(f). Naturally we must have, in order to obtain specific 
analytic results such as (2), some analytic method for the 
hyperspace cases. Since the given equation defines in Sop—1 
the set S35 and the norm curve N”~* on it, or if one 
prefers the N’”—* with the set $3275 on it, it is convenient 
to refer the points of the space to this norm curve. The 
case p = 2 is perhaps too special to be fairly illustrative, 
but I cannot go into the higher cases here. Let the para- 
meters ¢ of the six points of Sg on N* be given by the 
binary sextic (at)* — 0; and let the three osculating planes 
of N* which meet in a point a of Ss; be given by the binary 
cubic 

(aff =—---=0. 


(At? = 8,8 
is an arbitrary quadratic, 83; an arbitrary constant, we 
have, in 
(8) B;(aa)*(aa’)® + 8) = 0, 
for variable 83, 8o, 8:1, 82 the web of quadrics on S$ in 
variables a, a, dz, a3, the coefficients of the variable cubic 
(at)®>. The polarized form of (8) in variables a, 6 is 
(9) B3(ca)*(ab)* + = 0. 
If we assume that the quadric (8) has a node at a, then 
in (9) the coefficients of bo, b,, b2, bs vanish giving rise to 
four equations bilinear in a and 8. If from these we elimi- 
nate the 4’s we have the quartic equation in variables a 
of the Weddle surface W,. If, however, we eliminate the 
a’s we have the quartic equation in variables 8 of the 
Kummer surface Kz as an envelope. H. F. Baker has given 
these equations as four-row determinants (*p. 65 and p. 56). 
Baker remarks (*p. 60) that K is a simultaneous invariant 
of the quadratic (t)* and the sextic (@@)®. Strictly speaking 
this is not so, because of the non-homogeneity in the coeffi- 
cients. However K can be written 
(10) K = +Kshs+Ks, 


Then, if 
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where the K; are such simultaneous invariants. From the 
degrees and to some extent from the form we infer at once 
that these coefficients must be numerical multiples of re- 
spectively: the catalecticant of (at)*; the apolarity invariant 
of (4t)? and the quadratic covariant of (af)* of degree 3; 
the apolarity invariant of and to- 
gether with the product of (88’)? and (a«’)®; the apolarity 
invariant of and and [(8A’)?]*. Similarly the 
surface W is a simultaneous invariant of (a@é)® and (at)® 
which from the degrees must evidently be the apolarity 
invariant of (af)* with the product of (at)® and its cubic 
covariant, i. e. 


(11) W = a’ )(aa)(a" «)® — 0. 


(g). The extension of this method to further cases con- 
stitutes a remarkably neat application of many phases of 
the theory of binary forms. Let me give one illustration. 
For p = 3 and given S3, a point in S, is determined by 
a binary quintic — (a’t)® —---. The catalecticant of 
this quintic, 

(aa’)*(aa")*(a' a" *(at)(a't)(a" t) = 0, 
determines a one-parameter (f) system of cubic spreads 
with N® as a double curve and triple point at ¢. Thus for 
tt, ..., ts we have respectively the eight cubic cones 
mentioned in 5. The existence of this system leads to the 
following theorem. 


THEOREM. The Kummer 3-way in S; with 64 singular 
points and 64 singular tangent spaces has in the hyperelliptic 
case an additional configuration of 64 83's each with the 
following property: An S3 contains 8 singular points and 
is contained in 8 singular tangent spaces. The eight points 
lie on a cubic curve in the Ss; with parameters t,, ..., ts 
and they lie three at a time on the remaining 56 singular 
tangent spaces. 


We observe then that the generalization of the conics 
in the singular tangent planes of the Kummer Kg is in 
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part the 2-ways in the singular tangent sections of K;, and 
in part the cubic curves in the 64 S,’s, each curve con- 
taining an intermediate set Ré. 

A fuller development of these ideas leads quite naturally 
to the proof of the formula (2) which connects the invariants 
(B) and the theta fourth powers. To these modular relations 
I shall briefly return. 


4. The Modular Spreads Associated with the Invariants 
(A) and (B). (a). The number of invariants (B) is 5(°$}). 
I have shown (*1(10)) that only » ==1,(%1%) of these 
are linearly independent. Similarly the number of invariants 
(A) is (2p-+2)!/(p+1)!2?+1. I shall show in a forthcoming 
paper which will elaborate the indications presented here 
that the number of linearly independent invariants (A) is 
likewise v. Thus the invariants (A) and (B) lie in linear 
systems of the same dimension »y—1 and it is sufficient to 
know the values of v independent invariants of either system 
in order to obtain all of them. They are of course subject 
also to many relations of higher degree. By means of either 
linear system the totality of birationally distinct binary 
(2p + 2)-ics is mapped upon the points of a “modular spread” 
of dimension 2p—1 in S,—-1. 

(b). For the invariants (A) we secure the mapping by 
fixing all but one of the points of the set S2o7> at a con- 
venient “base” and allowing the last one to vary over Sop —1. 
Then the invariants (A) become spreads of order p with 
(p—1)-fold points at the fixed base points and this linear 
system maps the space S2»—1 upon Moy,_1. To the permuta- 
tion group of the roots of the underlying binary (2p -+ 2)-ic 
there corresponds, in S,-1, a collineation group of order 
(2p+2)!, Ca:, under which Moy—1 is invariant; in S2p-1, 
however, the Moore cross-ratio group which is generated 
by (2p+1)! permutations of the fixed base points and an 
additional Cremona involution with 2p of the fixed base 
points as F-points and the remaining one a fixed point (cf. 
for the sextic '°§ 1). 
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For the invariants (B) attached to the set Rip+2 we 
select » independent ones as coordinates in S,—1 and then 
find that the permutation of the roots or of the points of 
the set R leads likewise to a collineation group C;, in S,—1. 
It is the obvious thing to make such a selection of coor- 
dinates that the collineation groups C,; and Cy, attached 
respectively to the systems (A) and (B) shall coincide. 
Furthermore in order to distinguish between the two 
mappings we map by the system (A) upon the points of 
S,—1 and by the system (B) upon the S,_—.’s in S,-1. 

(c). For the sextic, y = 5 and the modular spread M, 
in S, is a cubic three-way, the map of S; by quadrics on 
5 points. By proper choice of the quadrics M; takes the 
form where >%_,2;—0. The collineation 
Ce, is then merely the permutations of the six coordinates z;. 
By proper choice of the invariants (B) the planar sets of 
6 points on a conic, Rj, are mapped upon the of w%,..., 
ue Where >°_,w = 0 in such a way that the relation 


(> 4( > == 


is satisfied. Here then the mapping is such that the in- 
variants (A), (B) of the same binary sextic give rise to 
point and tangent space at the point of the same modular 
spread ('°(33)). 

For the octavic, y = 14, and the geometry is hardly 
suitable for hasty exposition. Thus the modular spread 
attached to the invariants (A) is an M%° of order 40 and 
dimension 5 in S;;. We have, however, in the formula 


° ) a2 a2 
(12) = FijaFijmnFijop, 


where ¢ is a properly chosen sign, the expression of the 
invariants (A) as uniform modular functions which are in 
immediate algebraic relation with the invariants (B). For de- 
tailed study the tactical relations exhibited by E. H. Moore’! 
are most advantageous. 


THE UNIVERSITY OF ILLINOIS 


= 


1924. ] THE EIGHTH DFGREE EQUATION 313 


References 

1 F. Klein, Vorlesungen iiber das Ikosaeder, Leipzig, Teubner, 1884. 

2 R. W. Hudson, Kumrer’s Quartic Surface, Cambridge Press, 1905. 

3 A. B. Coble, Associated sets of points, TRANSACTIONS OF THIS 
Socrety, vol. 24 (1922), p. 1. 

, Point sets and Cremona groups, TRANSACTIONS OF THIS 

Socrety, (I) vol. 16 (1915), p. 155; (ID vol. 17 (1916), p. 345. 

, An isomorphism between theta characteristics and the (2p +-2)- 
point, ANNALS oF MatHemartics, (2), vol. 17 (1916), p. 101. 

6 A. Krazer, Lehrbuch der Thetafunktionen, Leipzig, Teubner, 1903. 

7H. Bateman, A type of hyperelliptic curve and the transformations 
connected with it, QUARTERLY JoURNAL (1906), p. 277. 

8 A. B. Coble, Cremona transformations and applications, this BULLE- 
TIN, vol. 28 (1922), p. 329. 

° H. F. Baker, Multiply Periodic Functions, Cambridge Press, 1907. 

10 A. B. Coble, An application of Moore’s cross-ratio group to the 
solution of the sextic equation, TRANSACTIONS OF THIS SOCIETY, 
vol. 12 (1911), p. 311. 

11 E. H. Moore, Concerning the general equations of the seventh and 
eighth degrees, MATHEMATISCHE ANNALEN, vol. 51 (1899), p. 416. 


314 LOUIS WEISNER [July, 


GROUP OF A SET OF SIMULTANEOUS 
ALGEBRAIC EQUATIONS* 


BY LOUIS WEISNER 


1. Introduction. Consider a system of m independent 
and consistent algebraic equations in m variables 


(1) +++ 52m) = 0, 


Let the roots of this system of equations be (2,a,... Zma) 
(a = 1,---, n). We assume that each Zpa is finite. There- 
fore by a process of elimination we obtain equations 


(2) Fp = 0, (p = 1, ---; m), 


each of which is of degree m and involves only one of the 
unknowns. None of these equations vanishes identically, 
since equations (1) are independent. We assume that none 
of equations (2) has a multiple root. 

A rational domain R which includes the coefficients of 
(1) includes the coefficients of (2). It will be shown in 
this paper that the groups of equations (2) relative to R 
are identical, except for the symbols which they affect. 


2. Elimination of zm. On eliminating z» from (1) we 
obtain m — 1 equations involving %,---,Zm—1. NOW Zm—1 
cannot be absent from all of these equations; for in that 
case we would have m — 1 equations involving fewer than 
m—1 unknowns, and equations (1) would not be con- 
sistent and independent as assumed. Repeating this argu- 
ment we can find two independent and consistent equations 


(3) 2) = 0, 92(Z1, 22) = 0, 


involving the unknowns %, Zz (or any other pair of the 
unknowns). This elimination can always be carried out 
in such a way that if (21a, Zea) is a root of equations (3), 
then there is a root (21a, Zoa,---,2Zma) Of equations (1). 


* Presented to the Society, December 27, 1923. 
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3. Relations of Rationality. Let R’ be the domain 
obtained by adjoining z2, to R. By equations (3), g: (21a, Z2a) 
and g2(Z1a, 22a) are rational functions of a root of F; (z,) = 0, 
with coefficients in R’ which equal a number (zero) in R’; 
they are therefore *maltered in value by the substitutions 
of the group H of F,(e,) = 0 relative to R’. Suppose 
that a substitution of H changes 214 to ~». Applying 
this substitution to g:(Z1a, Za) and go(Z1a, we obtain 
gi(é1, 22a) = 0 and Za) = 0. By § 2, there are 
two roots (214, Zea, Zma) and (2p, Z2a, of 
equations (1) with the same value for z.. Therefore F3(z2)—=0 
has a multiple root, contrary to assumption. It follows 
that H leaves 21 fixed. Hence Zi is in R’ and is a 
rational function of Zo, with coefficients in FR. 


THEOREM 1. If (21a,  Zma) is a root of equations 
(1), Zpa equals a rational function of Za with coefficients 
in R (p, 2, ---, m)*. 

4. Group Relations. Let us regard Gy, the group of 
F (Zp) = 0 relative to R, as a substitution group not on the 
roots Zp1, Zp2, +++, Zpn, but on their second subscripts. Thus 
(12) simultaneously interchanges 21, and 212, 221 and 222 etc. 
With this understanding we state our main result. 


THEOREM 2. The groups of equations (2) relative to R are 
identical. 

We shall prove G, identical with G,. By Theorem 1, 
Zpa = PpalZ1a) Where Ppa is a rational function with coefficients 
in R. Hence by equations (1) 


k= 1,9,.--, 
(4) Pra(Z1a), Pma(Z1a)] 0, (| i, 2, 


* The following is a proof which might be offered of this theorem: 
Eliminate every power of z: from equations (3) except the first; then 
z is expressed as a rational function of z. with coefficients in R. 
The objection to this proof is that in the process of elimination the 
first power of 2 may be incidentally eliminated. It is easy to make 
up examples where this actually occurs. I believe the proof given 
above is free from objection. 
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Now suppose a substitution of G; replaces 214 by 2». Then 
equations (4) become 

(5) Files, Pma(Zsv)] = 0. 

Therefore Poa(zi), is a root of (1). But 
Pov(Z10), Pmo(Ziv)] is a root of (1), and (2) has no 
multiple root. Hence = Ppo(Ziv). We may there- 
fore omit the second subscript of Ppa and write 


(6) 2pa = Pp(Z1a). 


Now let (201, ---, Zon) be a rational function with coefficients 
in R of the roots of F2(z2) = 0 which equals a number in R. 
Then by (6) U[go(z,1), ---, Po(Zin)] is a rational function with 
coefficients in R of the roots of F,(z,) = 0 which equals 
a number in RF and hence is unaltered by G,. But on 
applying a substitution of G to W[e(z,1). ---, PolZ1n)] we find 
that, in virtue of (6), 22;,---, 22n undergo a similar substitution. 
Therefore ---, is unaltered by every substitution 
of G,. It follows that G, is a subgroup of Gs. Similarly 
Gz. is a subgroup of G,. Hence G, and G, are identical. 

5. A Necessary and Sufficient Condition. We shall call 
G = Gp (p = 1,---, m) the group of equations (1) relative 
to R. Let Wzy, ---, ***,Zmn) be unaltered in 
value by all the substitutions of G. Then so is W[z,---, Zin; 
PmlZ11), Pm(Zin)]. But the latter is a rational function 
with coefficients in R of the roots of F,(z,) = 0, which is 
unaltered by G. Hence it equals a number in F#. Conversely, 
let W(z11, +++, Zin} Zmiy Zmn) equal a number in R. 
Then so does W[Z11, Z1n3 Pm(Z11), Pm(Z1n)]. Since 
the latter is unaltered by G, so is the former. 

THEOREMS. A necessary and sufficient condition that a ratio- 
nal function with coefficients in R, of the numbers satisfying 
a set of independent and consistent algebraic equations with 
coefficients in R, be unaltered in value by the group of the 
equations relative to R, is that it equal a number in R. 
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ON A TYPE OF PLANE UNICURSAL CURVE 


BY HAROLD HILTON 


The type considered is that which meets the sides of a 
real triangle in points whose parameters have at most three 
distinct values. If we take the triangle as triangle of 
reference, and suitable homogeneous coordinates, we may 
suppose any point (x, y, z) on the curve given by the equations 

{== 
(1) y = (t—a)(t— 7)", 
where 
ptatr = tre = pst = 2, 
where m is the degree of the curve. 

In this, one of the quantities p,, pe, ps is zero and the 
other two are zero or positive integers; and so for q;, ge, qs 
and 7, 12, 

We may denote the curve (1) symbolically by the array 


Pi Pe Ps | 
13 | 


or, as it may be written to save space, 


(4) (Pi % 11, Pe Ds Qs 

It is evident that (a) each row of (3) contains at least 
one zero, (6) the sum of the elements in each column is », 
(c) no two columns are identical, (d) we get no essentially 
distinct curve, if we interchange two rows or interchange 
two columns. 

The first problem that suggests itself is to find the number 
of essentially distinct curves of the required type; i. e., to 
find the number of distinct arrays (3) subject to the restric- 
tions just mentioned. We content ourselves with giving the 
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result in the form of a table, the first column giving the 

array (4), and the last two giving the number of distinct 

curves when m is odd or even. 
Note that in this table 


pt+P=q+Q=n, 


At+tu+v=n, 
Jt 


Jf is not less than F, g, G, h, or H. 


Array | n odd | m even 

(n00, On0, 00n) 1 1 
(pP0, On0, 00n) n—1 n—1 
(OpP, On0, 00n) p2=P 3(n—1) 
On0, 00n) —1)? | 1n(n—2) 
(pP0, qQ0, 00n)| p=Q; p>P,q |i(n—1)? in(n—2) 
(OpP, 9Q0, 00n) | (n—1)? (n—1)? 
any, 00n)} | —1)? in (n—2)? 
(fF0, fOF,0F) | f>F 1(n—1) | 3}(n—2) 

| (fF0, 0fF) | f>F 4(n—1) 3(n—2) 
(ff0, fof, Off) 0 1 
({F0,f0F,0hH)| f>F; f>h>H|3(n—1) (n—3) 1n(n—2) 
(fF0, FOf,0hH) | 4(n—1) (n—8) (n—2)? 
(fF0,90G,0Ff) | f>F; f>g=E|i(—1) (n—8) in(n—2) 
g0G, 0gG) | S>9,G; (m—1) (n—83) i(n—2) (n—A4) 
(fF 0,g0G, 0G9) | S>9, G; |1(n—1) (n—3) +(n—2) (n—A4) 
(fF0, 90g) | 0 3(n—2) 


(fF0,g0G,0hH) | é(n—1) (n—3) (n—5) | §(n—2) (n—8) (n—4) | 


There are in all ~;(Sn*+ 7) distinct curves, if ” is odd, 
and ;n(n?+ 2), if m is even. In this, however, may be 
included some curves of degree less than n if two rows 
of (3) are proportional. This can only be the case, if the 
curve belongs to the type (OpP, 0n0, 00n) and p and n 
have a common factor, or to the type (Zur, qQO0, 00n) and g 
is a multiple of n’, where v/n = »’/n’ and »’ is prime to n’. 

For n = 3, there are 13 cubics, 4 cuspidal, 4 crunodal, 
and 5 acnodal. 


| 
—| 
| 
| 
| 
| 
| 
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For n = 4, there are 29 quartics, excluding (022, 040, 004), 
which is a conic. Of these, 8 have a superlinear branch 
of order three, 3 have a cusp-linear triple point, 6 have 
a rhamphoid cusp and another double point, 2 have a crunode 
and two acnodes, 2 have a cusp and two acnodes, 2 have 
two cusps and an acnode, 1 has three cusps, and 5 have 
three acnodes. 

Among them we may note the following, whose equations 
are given referred to the triangle with its vertices at the 
double points: 

(211, 040, 004), 3 (y*z?+ + (2V 2x 
+2V 2y+2)=0, 
(310, 130, 004), (2? —6ay + 2*y? = 0, 
(031, 220, 004), y) + 162*y? = 
(211, 130, 004), @—y} {a+yz+ay} 


+ 22*y? = 0, 
(310, 202, 013), 2*y?+ xyz (a—2y—2z) = 0, 
(310, 202, 022), + = 0. 


It will be noticed that the curve obtained by the quadratic 
transformation, which consists in replacing x, y, z by 1/z, 
1/y, 1/z in (1), is a curve of the same type. 


Without loss of generality we may suppose that in (1) 
the numerically greatest of pe—ps, ~Ps—j1,---, iS 
and that = 0, Ps=—= — We may 
then put. (1) in the form 
(6) x= #(t—1), y= z= 1, 
on replacing ¢ by 

{y(8—a)t — a(B—y)} + 
and replacing x, y, z by suitable multiples of themselves. 

In (6) we have 

(7) b= = P2—Ps, d = G2— Gs, 

(8) a>b>0, (a+b)>(c+a)=0, 6+cS0, a+d=0, 

in virtue of the restrictions which we have supposed to 
hold between p,, po,.-+, 
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The sides of the triangle of reference meet the curve 
only where t= 0, 1, or 0. We shall suppose excluded the 
case ad = bc, when the curve becomes the well known type 

FFA. 

The tangent to (6) is 
(9) {(c t—c} t-“(t—1)—4 {(a + 

+ {(a+b—c—dt—(a—o)} z = 0. 
The inflexions, other than ¢ = 0, 1, ©, are given by 
(10) {(a+b—c—d)t—(a—o)} {(a+ b)t—a} {(c+ dt—o)} 

+ (ad— be)t(t—1) = 0. 

We see that the degree n of (6) is a+b if c=0, d=0; 
a+b—d if c=0, d<0; a+b—c if d=0, c<0. 

The class is in general the greatest of 

a+b+1, a+d+1, b+c+1. 
It may be less than this by unity in certain cases, e. g., 
if 

The knowledge of the degree and class, combined with 
the fact that the deficiency is zero, gives the Pliicker’s 
numbers of the curve. 

If ABC is the triangle whose sides are met by (6) in 
points whose parameters are 0, 1, 0. we have from (9) 
and (10) the following result. 

From each of A, B,C at most one tangent can be drawn 
touching the curve at a point not lying on a side of the 
triangle ABC, and the number of these tangents is equal 
to the number of inflexions which do not lie on the sides 
of the triangle. 

This number is three at most, but can be two, one, or 
zero, if one or more of 

a+b—c—d, c+d, b, c, d, a—c, b—d 


is zero. For instance, the type (ff0, f0f, 0f/), in which 
c+d, b, and a—c are zero, has no inflexion except at 
the vertices of ABC. It is a curve with three superlinear 
branches of order f, and includes the case ot the three- 
cusped hypocycloid. 
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The only other type with no inflexion except those on 
a side of the triangle ABC is (n00, On0, 00n), discussed 
in MESSENGER OF MATHEMATICS, vol. 49 (1920), p. 132. An- 
other interesting type is (fF0, FOf, OfF), discussed in 
this BULLETIN, vol. 29 (1923), p. 303. We may also note 
the type (fF0, Ff0, 00n) with two real inflexions if 
f>iltn+Vn), especially the case in which f—=n—1. 

The number of sextactic points not on a side of the 
triangle ABC is twelve or less. 


If a node of (6) has parameters ¢, and ¢, (not 0, 1, or oo) and 


(11) t/p=o, = 2, 
we have » and 2 + 1, » + 2, while 
(12) —1, of —1. 

These give 
(13) wt = 1, = 1, where ad— be, 
whence 


(14) 4 = o(1 Q), = (1— 2)(@— Q). 

It is at once seen that the values of 4, and ¢ given 
by (12), (13), (14) are complex and that the corresponding 
values of x and y given by (6) are real. Hence we have 
the following result. 

The only point-singularities of the curve other than those 
on the sides of the triangle ABC are real acnodes. 

If we take 
(15) wo Q — 
the equation (12) becomes 
{16) ha+ kb = 0 (mod «), hc-+kd = 0 (mod «) 
and the acnodes are given on finding values of h and k 
between 1 and «—1 satisfying (16). We may simplify 
(16) by putting 


a= An, C= Aa, b=ph, d=pd,, Ame, = 
where a, is prime to c, and b, to d,. We readily find 


21 


= 
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from (16), on eliminating h or k, that h = wh, k = dh, 
where h, and k, are integral, and we get 


(17) hyd, +k,b, =0 (mod hye, =0 (mod é;). 


The nature of the singularities on the sides of the triangle 
ABC is readily determined. For instance, suppose in (6) 
c>a>0. Then (6) gives an expansion for ¢ in ascending 
powers of x4, and thence we get for y an expansion of 
the form 

y = + + +--+) 
in general, fixing the nature of the singularity for which 
t is zero. 
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SURFACES WITH ORTHOGONAL LOCI OF THE 
CENTERS OF GEODESIC CURVATURE OF AN 
ORTHOGONAL SYSTEM* 


BY MALCOLM FOSTER 


We consider a surface S referred to any orthogonal 
system. Let G, and G; be the centers of geodesic curvature 
of the curves u = const. and v = const. respectively, 
through any point M of 8. As M is displaced over the 
entire surface the loci of G, and G, will in general be 
two surfaces S, and S;, corresponding elements of which 
are those which result from a common displacement of M. 
We ask: What are the surfaces S for which the surfaces 
S, and S, correspond with orthogonality of linear elements? 

The condition that the displacements of G, and G, be 
orthogonal for every displacement of YU, is that the absolute 
displacements of these points in the directions of the axes 
of the moving trihedral at M satisfy the relation 


(1) > 6x, dz, = 0, 


* Presented to the Society, April 28, 1923. 
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for all values of dv/du. The x-axis of the trihedral is chosen 
tangent to the curve v=—const. The radii of geodesic 
curvature of the curves u = const. and v = const. we denote 
by @gv and @g, respectively. The relation (1) becomes* 


(- du— “eer dv + dv 


du+ dv + 4,dv)\du 
— Ogv0gu(pdu + pidv)(gdu + q,dv) = 0. 


Hence, setting the coefficients of du®, dudv, and dv? equal 
to zero, we get 


= 
Ogv (courg 0, 
00gu 
(2) + Oger (n + 
— (pq + = 0, 
+r av = 0. 


E 
Now gv = =, and @gu = it using these values, and the 
1 


relations between the fundamental quantities for the sur- 
facet, the equations (2) reduce to 


__ 
(3) pn = 9, 
+11 = 0, 


SINCE Ogr, Ogu O. 

Since p= D'/y, and q, = — D’/&,8 we see from the 
second member of (3) that both p and q,, are zero, and 
that the parametric curves must be the lines of curvature. 


* Eisenhart, Differential Geometry of Curves and Surfaces, p. 170. 
} Eisenhart, p. 132, formula (47), and p. 167, formulas (45). 

+ Eisenhart, p. 168 and p. 170. 

§ Eisenhart, p. 174, formulas (73). 


21* 


E 
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Consequently the first and third members of (3) reduce to* 


0, 
Ou 
_ 9, 
av 
Hence 
(4) Ogv = U, Ogu = V, 


where U and V are functions of « and v alone respectively. 
The parametric curves therefore have constant geodesic 
curvature and the system is isothermal.+ The surface is 
therefore isothermal. 

Making use of (4), we see that the elements ds{ and 
ds? of the loci of G, and G, respectively, are 


2 

ds? = > = 4s + r* + | du’, 
1 


2 
= > 622 = + ri t+ pt] de’. 


Hence the loci of G, and G, are curves and not surfaces. 
As the vertex of the trihedral describes a curve « = const. 
the point G, remains fixed, and as the vertex of the 
trihedral describes a curve v = const. the point Gz. remains 
fixed. The lines of curvature are therefore spherical in 
both systems; they lie on spheres whose centers lie on 
the loci of G, and Gz, and which are mutually orthogonal 
with S at every point. 

We denote the curves which are the loci of G, and G, 
by and respectively. The curve is described by 
G, as the vertex of the trihedral describes every curve 
v =const., and I, is described by Gz. as the vertex of 


* We exclude the cases where either 0, or r; = 0, since in 
either case the curves in one family are geodesics, and one of the 
points G, and G, is at infinity. 

7 Eisenhart, p. 137. 
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the trihedral describes every curve u = const. Suppose 
that the vertex of the trihedral describes a definite curve 
u = const. The point G, remains fixed at some point on 
I, while G, describes I, and every tangent to I will 
be perpendicular to the fixed tangent to [, at G,. The 
curve I, is therefore either a plane curve whose plane is 
perpendicular to the fixed tangent to 7, or a straight 
line perpendicular to this fixed tangent. Suppose now 
that the vertex of the trihedral describe a second curve 
«= const. Then G, remains fixed at some second point 
of I, while G. describes and every tan;ent to 
will be perpendicular to the fixed tangent to J, at the 
second position of G,. Consequently if Z, be a plane 
curve, the locus of G,, namely [,, must be a straight 
line. We obtain similar conclusions if we consider the 
vertex of the trihedral to describe two different curves 
v =const. Hence the locus of at least one of the points 
G, and G, is a straight line. 

We suppose that it is the locus of G, which is a 
straight line. Consider the absolute displacements of the 
point G, in the directions of the axes of the trihedral 
Ty, of a curve v=const. We have* 

ds ds ds ds 

where ds is the element of are of the curve v — const., 
and o@ is the radius of first curvature. From the third 
member of (6), we see that the line 7, which is the locus 
of G,, lies in the osculating plane of the curve v = const. 
at every point. Now 


= — = — ds = V E du = Edu; 
1 


(6) 


using these relations, together with the relations between the 
fundamental quantities for the surface,i equations (6) become 


* Eisenhart, p. 32. 

t It is necessary tha py, be measured in the opposite direction to 
that in which the parameter w increases. Cf. Darboux, vol. II, p. 359. 

+ Eisenhart, p. 168 and p. 170. 
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or, 
Hence 
(8) ds, = 


where ds, is the element of the line 7,. The direction- 
cosines of I, relative to the trihedral 7, are therefore 


or, 
2 
? 


Ve(? Ver (22:)" + 


Since I, is a straight line fixed in space, we must have 
0. 


ds ds ds 


These equations become on using (9),* 


da, da, B, 
ds ds Q 
a2 
or.) 2 Or, OF ‘ 
rie du” du Ou du Ou 
du} 
68, __d8, @, 
(10); ds ds 
or, | , 90 Or, 
2 ars)" 2,.2 
eh 
dy, Eq == 
= = =0, 
Vou! 


* Eisenhart, p. 32. 


1924.] LOCI OF CENTERS OF CURVATURE 327 


where t is the radius of second curvature of the curve 
v = const. Hence we must have 


(11) 1 
—~=0. 
Tt 


The curves v = const. are therefore plane; and since they 
are spherical, they are circles. Consequently 9 = const., 
and the first member of (11) reduces to 


Or, OF 
(12) Ou + rn 1 
The relation (12) may also be written in the form 
du Om, 
= 


The line I, therefore lies in the plane of every curve 
v = const., and consequently the surfaces have plane lines 
of curvature in one system for which all the planes pass 
through the straight line 7; such surfaces are called sur- 
faces of Joachimsthal.* 

Finally, the surfaces considered are isothermal surfaces 
of Joachimsthal for which the lines of curvature which lie 
in coaxial planes are circles, and for which either the 
relation (12) holds, or the corresponding relation is satisfied 
with reference to the curves « = const. 


YALE UNIVERSITY 


* Eisenhart, pp. 308-310. 
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QUADRATIC FIELDS 
IN WHICH FACTORIZATION IS ALWAYS 
UNIQUE* 


BY L. E. DICKSON 


1. Definitions. Let m be an integer, other than 0 and 1, 
such that m is not divisible by a perfect square exceed- 
ing unity. All numbers r+sVm in which r and s are 
rational constitute a field R(Vm). Its algebraic integers 
are known to be x+y6, where x and y are rational in- 
tegers, and 
(1) 6—Vm if m=2 or m=3 (mod 4), 
(2) a=+11+Vm), 06? =—0—k, if m=1 (mod 4), 
where k = }(1—m). The conjugate of § = x+y@ is de- 
fined to be &’ = x+y6', where 6’ = —@ in case (1), and 
f= 1(1—V m) in case (2). The product &&’ is called the 
norm of &, and is denoted by M(&). According as the 
case is (1) or (2), we have 


(3) N(x+y6) = or 2?+a2y+hy’. 
If € is an algebraic integer such that N($) = +1, then § is 
called a unit. The only units in R(Z) are +1 and +7. 


2. Object of the Paper. It is knownt that —1, —2, —3, 
—7 and —11 are the only negative values of m for 
which the greatest common divisor process yielding numeri- 
cally decreasing norms is always applicable in R(V m), so 
that if a and b are any algebraic integers (b+0) there 
exist algebraic integers q and 7 of the field such that 


a—=bg+tr, |normr|<|norm 


* Presented to the Society, December 29, 1923. See also This 
BULLETIN, p. 90, Jan.—Feb., 1924, and footnote, p. 247, May-June, 1924. 

7 For a geometric proof, see Birkhoff, AMERICAN MATHEMATICAL 
MonTBLy, vol. 13 (1906), pp. 156-159. 
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For a few positive values of m, as 2, 3, 5,11, such a 
process exists. But there are many values of m for which 
this process is not applicable, although there exists a 
greatest common divisor as shown by the theory of ideals 
when the number of classes of ideals is unity. 

Avoiding the theory of ideals, we shall give an elementary 
proof of the following result. 


THEOREM 1. Let m be any integer for which there is a 
single* class of properly primitive binary quadratic forms 
capable of representing positive integers and having the dis- 
criminant 4m or m according as the case is (1) or (2). Then 
the algebraic integers of R(V m) admit unique factorization 
into primes apart from the association of unit factors.t 

This proof places at the disposal of students of elemen- 
tary theory of numbers an effective tool utilized by Gauss 
and Dirichlet in the case m = —1. Moreover, the proof 
furnishes a model for the investigation} of the arithmetics 
of linear algebras for which no theory of ideals is available. 


3. LemMA 1. Jf a and b are relatively prime and 
(4) a?—mb? = pq or a®?+ab+kb? = pq, 
there exist integers z and w such that 
(5) p=2—mu* or p=2+2wt+ku’, 


according as case (1) or (2) holds. 
For, b and q are relatively prime since otherwise a common 
prime divisor of them would divide a? and hence a. Hence 


* In this BULLETIN, vol. 17 (1910-11), pp. 534-37, the writer proved 
that there is a single class of positive primitive quadratic forms of 
negative discriminant —P with P< 1,500,000 only when P = 3, 4, 7, 
8, 11, 12, 16, 19, 27, 28, 43, 67, 163. But the cases in which the dis- 
criminant is positive are very numerous. 

+ Theorem 1 holds also if there are only two classes and these are 
opposite classes of properly primitive forms of discriminant 4 m or m. 
In the first case, every such form is equivalent to x?— my? or ma?—y?. 
The proof differs from that in the text only by the occasional insertion 
of the double sign +. 

t See L. E. Dickson, AMERICAN JOURNAL, 1924. 


330 L. E. DICKSON [July, 


there exist integers s and ¢ such that a = sb+ ¢g. Inserting 
this in (4), we get 

pq = Ab? + Bhgt+q*#’, 
where A = s*—m, B = 2s in case (1); while A = s*+-s+k, 
B= 2s+1 in case (2). Hence A must be divisible by gq. 
Write A = ge. Then 
(6) p = eb? + Bbt+ 


The discriminant of this form is B*—4eq —4m or m 
according as the case is (1) or (2). If any odd prime 
divides e, B and qg, its square divides B?—4eg, whereas 
m has no square factor. If, in case (1), 2 divides both 
e and g, then m = s*—-eq = s* = 0 or 1 (mod 4), contrary 
to (1). Hence in every case (6) is a properly primitive 
form representing the positive integer p and therefore, by 
our hypothesis of a single class, is equivalent to the re- 
spective form (5) of discriminant 4m or m. 


4. Lemma 2.* If a and b are relatively prime integers 
and if N(a+bé@) is divisible by the rational prime p, then 
p decomposes and one of its integral algebraic factors divides 
a-+bé. 

By hypothesis, we have (4) and hence (5). 

(i) Let the first equations (4) and (5) hold. Then 


mb? = a*, = (mod p). 


By multiplication we get bz = +aw (mod p) if m is not 
divisible by p, and we may choose the upper sign after 
changing the sign of w if necessary. If m is divisible by 
p, we have z=0, a=0 (mod p). Hence bz = aw (mod p) 
in all cases. Define rational numbers x and y by means of 


(7) plat yd) = (a+ 
* Another proof follows from the writer’s theorem in this BULLETIN, 
vol. 29 (1923), pp. 464-467, that all solutions of N(a+ 00) = pq are 
products of the same integer o by the numbers obtained from (8) and 
p = N(z+w), q = N(x+y6). Here p = +1 since a and are rela- 
tively prime. But if we omit $$ 3-4, we must replace § 5 by one of 
the standard proofs of unique representation of a prime as a norm. 
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whence 
az—mbw __ be—uaw 


? 


Pp Pp 

so that y is an integer. Since p = (z+ w0)(z—wé), we 
may cancel z—wé6 from (7) and get 
(8) (2+ w6)(x+ = a+ bo. 
Taking norms, we have p(x*—my*) = pq, whence 2’ is the 
integer my?+-q. Hence both x and y are integers in (8), 
which is the desired result. 

(ii) Let the second equations (4) and (5) hold. Then 


(2a + b)?—mb? = 4pq, 4p = (22+ w)*?—mv’, 


mb*(2z + w)? = (2a+ (mod p). 
If m is not divisible by p, we get 
(9) b(2z2+ w) = +(2a+ bw (mod p). 


First, let the upper sign hold in (9). Then, if p + 2, 
bz = aw (mod p). This follows also if m is divisible by p, 
whence 2a+b = 0, 2z2+w=+=0. Define rational numbers 
x and y by means of 


(10) p(x+ yo) = (a+ b6)(z+ 
whence 
a(z+ w)+ kbw bz— aw 
’ 
Pp 
so that y is an integer. Since p = (2+w6)(z+w6’), we 
may cancel z+ 26’ from (10) and get (8). By the norm 
of (8), p(xz?+a2y+hky*) = pg. Thus z is a rational root of 
an equation with integral coefficients and leading coefficient 
unity; hence x is an integer. 
Second, let the lower sign hold in (9). Then if p +2, 
b(z + w) = —aw (mod p). Introduce the integers Z = z+ w, 
W=-—w. Then bZ=aW and 


(11) ZAZWt+kw? = = p, 


and we are led to our first case with Z and W in place of 
z and w. Hence a+bé has the factor 7+ We = z+ w@’. 
Finally, let p = 2. If b is even, so that a is odd, a?+ ab 
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+kb® is odd, whereas it is divisible by p = 2 by (4). If 
w is even, z is even in 2 = 2?+zw+kw’*, which is then 
divisible by 4. Hence. b and w are both odd. By (11) we 
may add w to z and hence make z even or odd at pleasure 
and hence make z =a (mod 2). Then bz = aw (mod 2). 
We proceed as in the first case. 


5. Lemma 3. If a rational prime p is expressible as a 
norm, it is the product of two algebraic integers, neither a 
unit, in one and only one way apart from unit factors and 
apart from the arrangement of the two integers. 

We have p = (2+ w6)(z+w6’). Let also p =e, where 
ma == a-+bé and are algebraic integers neither a unit. 
Then p* = N(a)N(e), whence = N(e) = +p. Ifa 
and } had a common prime factor, its square would divide 
N(a) = +p. Hence we may apply the proof of Lemma 2 
with gq = +1 and obtain (8) or the similar equation with 
z+wé@ replaced by z+w0é’. Then x+y6 is a unit since 
its norm is g= +1. Hence every factorization p = 7e@ 
differs from the given one only by the insertion of unit 
factors or by the interchange of the given factors. 


6. Algebraic Primes. An algebraic integer not a unit of 
R(@) is called an algebraic prime if it is not a product of 
two algebraic integers neither a unit of R(6). 

If a rational prime pis a norm, so that p = 72’, then 
ma and a’ are algebraic primes. For, if « — «8, where 
neither «@ nor # is a unit, then p = N(«)N(8), and one of 
the norms is +1, so that @ or & is a unit. 


7. Lemma 4. If N(ce+ dé) is divisible by a rational prime 
p, then either c+-d6 is divisible by p or else p decomposes 
and c+ dé@ is divisible by one of the algebraic prime factors 
of p. 

Let g be the greatest common divisor of c = ga, d = gb. 
Then 
(12) c+ dé = g(a+ be) 
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is divisible by pifg is. Next, let g be not divisible by p. 
Since N(c+ = q?N(a+ is divisible by p, N(a+ 0) 
is divisible by p and Lemma 2 shows that p decomposes 
and that a+ bé@ is divisible by one of the algebraic prime 
factors of p. Hence (12) is divisible by that factor. 


8. THEOREM 2. If an algebraic prime divides a product 
AB, it divides A or B. 

(i) Suppose the algebraic prime is a rational prime p. 
We may write A = ga, where gq is a rational integer and 
a« has relatively prime coordinates. Then p divides qP, 
where P= aB =r-+s6. Then p divides gr and gs. If p 
divides g, it divides A. In the contrary case, p divides r, s 
and hence also eB. Write B = ¢8, where £ has relatively 
prime coordinates. As before, either p divides ¢ and hence 
B, or else p divides «£, so that p? divides N(a)N(8). We 
may then assume that p divides N(«) for example, whence, 
by Lemma 2, p decomposes, whereas it is an algebraic prime. 

(ii) Let a be an algebraic prime not the product of an 
integer by a unit. Hence the coordinates of 7 are rela- 
tively prime. The integer N(z) is divisible by a rational 
prime p. Hence, by Lemma 2, p = og’ and g is a divisor 
of «. Thus the prime a is the product of @ by a unit, 
whence N(z) = +N(o)=— +p. Suppose that a divides 
AB, but divides neither A nor B. Then +p — N(a) divides 
N(A)N(B). Let therefore p divide N(A) for example. By 
Lemmas 3 and 4, A is divisible by a or 7’. Hence A is 
divisible by 7’. Write A = P= aB. Then divides 
AB =17'P, so that p= +27’ divides x”P. We shall 
prove that p divides 7’P. Write 

w =—a+be, P=c+d0, 
r=s=0O (mod p). 


First, let Vm. Then +p = a?—mb?* and 
r= s = a®2d+2abe+ mb"d. 
Elimination of a? by means of a? = mb? (mod p) gives 
= 2mb(ad+ be) = 0, s =2b(act+mbd)=0 (mod p). 
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If 2mb is not divisible by p, the numbers in parenthesis, 
which are the coordinates of 7’ P, are divisible by p. Hence 
P is divisible by 7. Thus a divides eB, but divides neither 
«nor B. A repetition of the argument leads evidently to 
a contradiction. Next, if b were divisible by p, a would 
be also in view of +p = a?—wmb’, which would then be 
divisible by p*. If m were divisible by p, a would be also, 
whence 2” is divisible by p, and hence ’ by z, so that 7’ 
is the product of a by a unit. Since A is divisible by 7’, 
it is divisible by 7. If p = 2, a” = a?+b*m = 0 (mod p). 

Second, consider case (2). Then +p = a?+ ab+kb?, so 
that b is not divisible by p. In 

r = a*c—2kabd—kb*?c—kb*d, 
s = 2abe+ 2abd+ (1 —k)b?d 
we replace a? by —ab—kb*® (mod p), cancel factors b, 
and get 
(13) 2had + ac-+ 2kbe+ kbd = 0, 
be+ 2ac+ ad+(1—2k)bd = 0 (mod p). 
Elimination of ac gives (4k—1)E = 0, where E = ad+ be 
+bd. But if 4k—1——m were divisible by p, +4p 
= (2a+b)*—mb* shows that 2a-+b = 0, whence 
a” = a*@—kb*+b(b+ 2a)0 = a*(1—4k) = ma*= 0 (mod p), 
so that A is divisible by 7 as in the first case. In view 
of this contradiction, we have E=0. Adding —2kE to 
the first equation (13), we get F = ac—kbd = 0. Hence 
a’ P= F+ Fo = 0 (mod p). 
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THE JACOBIAN 
OF A CONTACT TRANSFORMATION* 


BY E. F. ALLEN 

The equations 
(1) = X(a,2,p), = Za,2,p), Pia, z, p), 
where X, Z, and P are functions of class C”, represent a 
transformation of line-elements in the xz plane to line- 
elements in the 2,2, plane. With Lie we shall define every 
transformation in x, z, p, which leaves the Pfaff differential 
equation 
(2) -dz—pdx = 0 
invariant, as a contact transformation of the zz plane to 
the x,z, plane. Hence the equations (1) must satisfy an 
identity of the form 
(3) dz,— p,dx, = o(dz—pdz), 
where @ is a function of z, z, and p alone. 

The following relations connecting X, Z, P, and their 
partial derivatives are easily obtained:7 

= — pe, 
(4) Z:— PX: = @, 
LZy— = 0; 

(6) = X,(Ze+ pZ.)—Zp(Xa+ pXz) = 0, 
[PX] = 0, and [PZ] = eP. 

The jacobian of transformation (1) is 


(6) Z: Lp e 


* Presented to the Society, December 1, 1923. 
+ Lie und Scheffers, Geometrie der Beriihrungstransformationen, 
p. 68, Chap. 3. 
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We shall show that this jacobian is equal to 9°. Let us 
multiply the first row by P and subtract the product from 
the second row; then 


| Xr X; Xp | 
(7) Z,—PX, Z.—PX: Zp—PXp 
| 
Hence, using equations (4), we find 
(8) J=|—pe e 0| 


This reduces to 
Xr+pX, Xz: Xp 
(9) J=| © e 0 |, 
Pr+pP: P: Pp | 
when the second column is multiplied by p and the sum 


is added to the first column. Evaluating this determinant, 
we have 


(10) J = pX.)—X,(Pr+ pP)). 
Therefore, by equation (5), we may write 
(11) J == 


The equations of a contact transformation may be re- 
garded as the equations of a point transformation, which 
transforms points in zzp space to points in 2,2,p, space. 
In general a surface in xzp space, represented by the equa- 
tion F(x, z, p) = 0, will be transformed into a surface in 
Space, represented by the equation 2, = 0. 
Or if we regard equations (1) as the equations of a trans- 
formation of line-elements, it will transform a differential 
equation in x, z, p, into one in x, 2%, p:, and also the solu- 
tions of the first differential equation into the solutions of 
the second. 

Now if we set @ equal to zero,* we will have the equa- 


* In some cases there are no values of the variables that will make p 
equal to zero. The following theory does not apply to such cases. 


= 
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tion of a surface in xzp space, or we might say that we 
have a differential equation in xz space. Let us see into 
what this surface or into what this differential equation is 
transformed when it is subjected to the transformation (1). 
A few examples result in obtaining curves in 2,2,p, space 
or in obtaining differential equations free from p,. This 
leads to the following theorem. 


THEOREM. The surface e = 0 is transformed into a curve 
in space by the transformation (1). 

If the partial derivative of o with respect to z is not 
identically equal to zero, the equation g@ = 0 may be solved 
for z.* Assuming that this is true, when the value thus 
obtained for z is substituted in X, Z, and P, they become 
functions of x and p alone. Regarding x and p as para- 
meters, the equations (1) are the parametric equations of 
a surface. A necessary and sufficient condition? that 


(12) 9@,y), = he, y) 
define a curve in space and not a surface is that 


(13) EG—F? = =0, 
where 

21) (21, %1) O(a, 41) 
14) A> — — B= C= 
a(x, a(x, y) a(x, y) 


To prove our theorem it is necessary and sufficient to show 
that the A, B, and C connected with equations (1) are 
identically equal to zero. That is, it is sufficient to show 
that all the determinants of the following matrix vanish 
identically: 


OF 
XztpX, Xpt+ ap Xs 
0z 
| 0z 
P,+ pP: 


* If do/0z = 0 we will be able to solve for either x or p if o + const. 
{ Eisenhart, Differential Geometry, p. 71. 


22 
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Let us see what the effect will be when the value of z 
as obtained from @ = 0 is substituted in equations (1). 
Suppose that the substitution has been made in X and Z. 
It is easy to see that X, and Z, are equal to zero, and 
that to differentiate X completely with respect to z, it is 
necessary to differentiate with respect to x and then to 
use the function of a function rule, thus X,+X,(62/dz), 
and similarly for the other letters. Thus using the fact that 
e = 0, we may write the equations (5) in the form 


It is very easy to see that these equations are now the 
expanded form of the determinants of the matrix (15). 
Hence the theorem is proved. 


THe UNIVERSITY OF MissouRI 


INTEGRO-DIFFERENTIAL INVARIANTS OF 
ONE-PARAMETER GROUPS OF 
FREDHOLM TRANSFORMATIONS* 


BY A. D. MICHAL 


1. Statement of the Problem. The author? has already 
considered functionals of the form /[y(z9), '(co)] (depending 
only on a function y(r) and its derivative y‘(r) between 
0 and 1) which are invariant under an arbitrary Volterra 
one-parameter group of continuous transformations. The 


* Presented to the Society, December 1, 1923. 

+ Cf. Integro-differential expressions invariant under Volterra’s 
group of transformations in a forthcoming issue of the ANNALS oF 
Matuematics. This paper will be referred to as “J. D. I. V.” 
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calculation of the invariants in question was effected in 
the case of a large class of functionals known as analytic 
functionals. 

The purpose of this note is to consider the problem of 
finding analytic functionals invariant under a 
Fredholm group of transformations 


(1) sala) = ylo) + Ka, «| 


where a is the parameter of this continuous one-parameter 
group of transformations, and where a — 0 corresponds to 
the identical transformation. 

We restrict ourselves to transformations (1) for which the 
y (t)’s exist and are continuous in the interval 7:0<r<1; 
K(x,s\a) and @K/éx are continuous in x and s in the 
square S:0<7<1, O<s<1; and 0K/dz is not identically 
zero when a +0. 

The infinitesimal transformation corresponding to (1) will 
be of the form 


(2) dy(x) = (x, da 
with 
1 

(3) dy (x) = A,(a, da, 
where 

Hi, (2, s) = 8) 

0x 


as the extended group of infinitesimal transformations. 

Here follow the well known relations* between the kernel 
K(a, s|a) of the Fredholm finite transformation (1) and the 
kernel H(z, s) of the corresponding infinitesimal transforma- 
tion (2): 


* Gerhard Kowalewski, Uber Funktionenriume, WIENER SITZUNGS- 
BERICHTE, 1911, vol. 120, ITA. 


22° 


F 
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(4) K(a, s|a) = 
oo 
65) H(x,s)= a +0, 
0a a=0 @i=1 a 


where H‘and K‘ are to be interpreted according to Volterra’s 
symbolic multiplication. 

By methods similar to those employed in proving the 
lemma of Part I of J. D. J. V., we can prove* without 
difficulty the following Jemma. 

LemMA. Necessary and sufficient conditions that H(q, s) 
and 0H/éx be continuous in x and s and that 0H/dx be 
not identically zero are that K(x,s\a) and @K/éx be con- 
tinuous in x and s and that 0K/dx be not identically zero, 
when a +0. 


2. A Sufficient Condition for Invariance. 


THEOREM 1. Let f[y(ti), y'(eo)] be an analytic functional 
of y(t) and y/(a), i. e., developable in a Volterra expansiont 


oo, 1 71 j (/ 
6) 


j-k 
T] vita dp. 


i=1 i=j—k+1 


We shall assume that fj;—x,% ts continuous in its 7 arguments, 
symmetric separately in the sets of arguments t,, ts, ..., 
and tj-x+1, .-., & respectively; and for convenience we 
assume also that 


(7)  lyli<e, 
where y, @1, @2 are positive constants. Then a sufficient 


condition that fly(t), y(®)| be invariant under a given 
group of transformations (1) is that it satisfy the relation 


* The proof comes by a direct calculation of the series involved. 
7 This is a generalization of Taylor’s series given by Volterra. See 
for example his Legons sur les Equations Intégrales, 1913. 
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1 
(8) f y(t, tit hh, te; tiga, itn—s, 
1 


The necessary and sufficient condition that y'(to)] 
be invariant under (1) is that under (2) 


(9) y'(ro)] = 0 in y and 


Since the analyticity of our functionals insures the validity 
of a Volterra variation, we may use Volterra’s* form of 
the variation of a functional. Then condition (9) becomes 


(0) + (Hat = 0 


in y and »/, where /,(¢) and f,(¢) are the partial functional 
derivatives of /[y(z0), with respect to y(r) and 2/(z), 
respectively, both taken at the point ¢. 

Substituting in (10) the values of dy(t) and 6y/(é) as given 
by (2) and (3), respectively, rearranging and dividing through 
by da, we get 


(11) [vol dat+ Hilt, s)at|ds = 0 


in y. We may now apply Lemma 2 of J. D. J. V.; doing so, 
we find 


a2) at = sat. 


Such operations as functional differentiations term by term 
are valid since the series involved are uniformly convergent 
under our hypotheses.t Calculating the partial functional 
derivatives and f,(#), respectively, and substituting 
them in (12), we get by an easy reduction! 


* A more general expression for df would be in the form of Stieltjes 
integrals. 

+ Cf. I. D. I. V., Part Il, and Volterra’s Lecons sur les Equations 
Intégrales, 1913, p. 18. 

similar reductions of J. D. I. V. 
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ipj—1 
(3) 


j-1 
>< I] y(t) I] y (ti ... 
i=j—l 
(13) 
t;—1) 
j-1 
>< Il: yti) I] y (t)\dt, 
i=1 i=j—k 


where k = /+1. Equating coefficients of similar terms in 
y and y’, we find 


which can be written in the form (8). 


3. Calculation of the Invariants In order 
that /[y(z5), y'(co)) be invariant under (1) it is sufficient that 
the following recurrence formula hold 


(14) Si. ti; ti+1, t; t) 
H(t, ti+-k) 


Hit, 1,k 1 th. ti; ti 1; 1) 


We shall now prove the following theorem. 


THEOREMII. A necessary and sufficient condition on (1) that 
an analytic functional f[y(to), y'(to)] be invariant under (1) 
when (14) holds is that the kernel H(z, s) of the infinitesimal 
transformation be of the form 


(15) H(x, s) = wW(s)e"*, 


= 
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where Ys) is an arbitrary function of s, and where c is 
a constant.* 
It is evident from (14) that 


H(t, 
A, (t, ti+x) 
must be independent of t;+x, and hence it is necessary that 
it be a function of ¢ alone, say g(f). On applying (14) 
until f;,~ is written in terms of ’s with second index zero, 
we get the recurrence formula 
= off, th, ti, tetas, 
By hypothesis fi+x,o is symmetric in all its arguments. 
Therefore, interchanging ¢, and #41 leaves the right-hand 
side of (16) unchanged. Hence if (16) is to hold, J, ;, must 
be symmetric with respect to ¢, and ¢;+1, and therefore it 
must be symmetric in all its arguments. On interchanging 
¢ and any ¢; in (16), we see at once that g(t) must be a 
constant, say c; i. e., H(z, s) must satisfy the equation 


(17) 0H(z, s) 


0x 
whose most general solution is (15). 

We may now remark that the arbitrariness of the coef- 
ficients f;+x,0, in terms of which all the other /;,x’s can 
be evaluated, on making use of the recurrence formula, 
enables us to state immediately the following theorem. 

THEOREM III. Let the kernel H(z, s) of the infinitesimal 
transformation (2) be of the form W(s)e*'*, and let us take 
an analytic functional all of whose fi, x's are 
symmetric in all their arguments, and assign arbitrarily for 
initial conditions the coefficients fi+x,o9 in its Volterra ex- 
pansion; that is, take an arbitrary Fly(o)| such that F[y(z6)] 
= fly(x0), yo(ro)], and for convenience take yo(t) = 0. Then, 
if the fi,x’s are calculated by the recurrence formula 


— H(z, s) = 0, 


* That is, if H(x,s)=¢(s)e**, we may assert that invariant analytic 
functionals always exist. 
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(18) ..-, itn) = e*fi+n, oh, ttn), 

we shall have an analytic functional f|y(t5), y'(to)] which 
will be invariant under a transformation (1) whose kernel 
K(x, s|a) is given by 


(19) wiser | | e I] Wt)dt, eee dt;_1. 


4. Example. We here give an easy example in which 
the direct verification by means of the finite transformation 
is very simple. Let us suppose that 


dy(x) = [e* 


is the given infinitesimal transformation, i. e., that H(z, s) 
= se*. By means of an easy calculation, the finite trans- 
formation may be written in the form 


(20) = (co—1)e 
i.e., K(x, s\ a) = (#@—1)e*s. Let us take for initial condition 
Sly(eo), 0] = Fly(o)] 


Then the functional f[y(zo), y'(co)] given by 


is invariant under (20). 


Tue Rice INstTItTuTE 
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REDUCTIONS OF ENUMERATIONS 
IN HOMOGENEOUS FORMS* 


BY E. T. BELL 


1. Introduction. By carrying out the work in detail for 
the form az*-+ by?+ cz? we shall derive a useful set of 
reduction formulas, and illustrate a general process which can 
easily be applied to the reduction of the number N(n =f) 
of representations of the integer m in any homogeneous 
form f of any degree in any number of variables. This 
set contains implicitly the complete set of corresponding 
reduction formulas for Ax*-+- By? + Cz? +-----+ E#?, in any 
number of indeterminates x, y, z,..., ¢. The formulas in no 
case yield by themselves a complete evaluation of N(n =f) 
for any type of », but in many instances they materially 
simplify the problem, either by making the evaluation for 
Jf depend upon that for a simpler form, or by reducing 
the » to be represented to a more tractable type. By 
means of the process developed here, combined with elliptic 
function expansions, I have recently obtained several new 
complete enumerations for special ternary and quinary qua- 
dratic forms; the results will be published in other papers. 

Before proceeding to the main discussion it will be in- 
structive to glance at what is known concerning N(n—/) 
in the simplest case (other than / linear), viz., f= az? 
+ by?-+---; when the degree of f exceeds 2 even partial 
evaluations of N(n =f) are at present unknown. It seems 
fair to say that the simplest case of all, N(m = 2*-+ by’), 
b> 0, is still far from complete; Dirichlet’s well known 
general theoremy for the number of representations by the 
totality of a system of representative forms of determinant—b 


* Presented to the Society, San Francisco Section, April 5, 1924. 

+ Cf. Dickson’s History, vol. 3, p.19. References to the other citations 
of this introduction can be found by consulting the index to vol. 3, 
and running down the references to vol. 2. 
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does not of itself give a complete solution when the principal 
genus contains more than one class. For f= ax* + by? + cz* 
there is the complete evaluation of N(n =f) in the case 
(a, b, c) = (1,1, 1) by Gauss, an unproved statement of 
Liouville for (a, b, c) = (1, 2, 3), partial results by Torelli 
for (a, b, c)=(1, 1, 2), a special case of (a, b, c)=(1, 2, 2) by 
Stieltjes, and beyond these apparently nothing detailed and 
specific for this N(n =f). When f= ax*+ by?+ c2?+ dé’, 
there is Jacobi’s Nin = f) for (a, b, c, d) = (1, 1, 1, 1), 
several theorems of Liouville for a= 1 and each of 
c, d= p* (a= 0,1; p = 3, 5) times a low power of 2, 
some similar results by Humbert when p = 11, or when 
p = 3, @ =2, and Chapelon’s evaluations when p = 5, 
« = 1,2. These appear to mark the limit of definite progress 
in this direction. Complete evaluations of N(n = az® + by? 
-+---) for more than 4 indeterminates z, y,... exist only 
for 5 and 7 squares. These remarks will indicate how 
far from satisfactory solutions even the simplest problems 
in the enumerative arithmetic of homogeneous forms still are. 

The final formulas of this paper in § 5 have been checked. 
The nature of the work is such that this verifies all pre- 
ceding formulas. 


2. Notation. In all that follows p is prime, the inte- 
gers n, a, b, c are prime to p, and a, b, c are coprime; 
k, M, A, B, C are arbitrary integers; a, 8, 7, 0 are inte- 
gers >0. To simplify the printing we shall write 

N(p“n = ap®x? + + = (a; 4, B, 7), 
in which 6, 8, y (also a, b, c, n) are regarded as given 
constants. Note that p*n is any integer. 

3. Lemma. Although it may be obvious that 
(1) NAM=kAz*?+ kBy?+ kCz*)= N(M= Az?+ By*+ C2’), 
we shall prove it, as upon this depends all that follows. 
The > on the left extending to all integers 2, y, z20, 
that on the right to all integers M, 

kBy? +kCz? N (kM = kAx?+ kBy?+ 
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In this replace by WV q: 


Dye t ce = SoM N(kM = kAa*+ kBy?+ kCz’). 
In the original identity take k—1: 
= Dig¥N(M = Aa*+ By*+ Ce"). 


By comparing the second identity with the third we get (1). 

By the notation explained in § 2, the evaluation of 
N(M = Azx*+ By?+ Cz’) is equivalent to that of (a; 4, 8, 7). 
By the lemma, if 6, 8,7,(«; 6,8,7)=0; if c>d,(a; 6,6, d) 
== («—4; 1,1, 1); while if 6, 8, y are unequal, one of them, 
say 6, is not greater than either of the others, and if 
a>d, (a; 6, 8+6, = (a—J; 0, 7). 

Hence the evaluation of N(M = Az*?+ By?+ Cz’) is re- 
duced to that of (@; 0, 8,7), in which, without loss of 
generality, we may assume y>f. Evidently the inequality 
y—>B (by the definitions of 8,7 in § 2) can be eliminated 
by replacing y by y+ wherever y occurs. Eliminations 
of this kind simplify the final formulas. The further evalua- 
tion of N(M = Az’+ By?+ Cz’) is now reduced to that of 
(a; 0, 8, B+). 

4. Preliminary Reductions. Let s>0 be an integer such 
that «—2s, B—2s>0, and therefore also 8+y—2s>0. 
Suppose for a moment that for some s>0 we have «—2s, 
f—2s>0. If («; 0, 8, 8+y)>0, then must x =0 mod p, 
and therefore by s applications of the Lemma (§ 3), 


(2) (a; 0, 8, 8+y) = (e—2s; 0, B—2s, B+ —2s), 


which obviously remains true when sO and when 
(a; 0, 8, 8+ y)=0. Choose for s the lesser of [«/2], [8/2], 
where [¢] is the greatest integer <¢; when «= 8, take 
s == [8/2]. Clearly the reductions (2) can be performed pre- 
cisely s times, s being as just chosen. Separating out the 
cases of (2) for even and odd values of 8 we get 


(1. 1) «<8, (2a; 0, 28, 28+ 7) =(0; 0, 28—2ea, 28+-y—2a); 
(1.2) a>8, (2«; 0, 28, 28+ y) = (2e—28; 0, 0, 
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(1.3) (2e+1; 0, 28, 28+y7) 
=(1; 0, 28—2a, 28+ y—2«); 
(1.4) @>B, (2e+1; 0, 28, 28+ e+ 1—28; 0, 0, 7); 
and the complementary set, 
(2.1) «<A, 0, 28+1, 28+7+1) 
= (0; 0, 28+1—2e, 28+y7+1—2a); 
(2.2) (2a; 0, 28+1,28+7+1) 
(2a—28; 0, 1,7 +1); 
(2.3) (2a+1; 0, 28+1, 28+y7+1) 
=(1; 0, 28-+1—2a, 28+7+1—2e); 
(2.4) (2e+1; 0, 28+1, 28+7+1) 
(2a-+ 1—28; 0, 1,7 +1). 


Only those on the right having a pair of zeros in the 
symbol are irreducible. The further reduction of the rest 
is effected in a similar way, first powers of the prime p, 
instead of second, being now successively eliminated. The 
process is seen by examining the right of (1. 3), (2. 3). When 
«<Bwe have 28—2«e>2, 28+y—2a=2, and since pn 
is the number represented in the right of (1.3), it follows 
that x =0O mod p. Applying the lemma, we get 
(1; 0, 28—2«, 28+ y—2e) 

= (0; 1, 282—2e—1, 28+ y—2a—1), 
and this evidently vanishes (when «¢ < ). Similarly for (2. 3), 
and we have 
(1.31) «e< (2a+1; 0, 28, 28+y7)=0; 
(2.31) e< (2e+1; 0, 28+ 1, 28+7+1)=—0, 
which may replace (1.3), (2.3), since the cases « = 8 are 
included in (1. 4), (2. 4). 

Similarly, provided that «—2s, y—2s+1>=0, we get 


(a; 0, 1, y +1) =(a—2s; 0, 1, y+1—2s), 
and, provided that «e—1—2s, y—2s>0, 
(a; 0, 1, y +1) = (a—1—2s; 1, 0, y—2s). 


Upon separation of cases according to even, odd 7, these 
yield the formulas which enable us to complete the re- 
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duction of (1. 1)—(2. 4). It is unnecessary to preserve the 
very simple calculations. We find 
(3.1) e<y+1, (2a; 0, 1, 27y+2)=(; 0, 1, 2y+2—2a); 
(3. 2) a>y+1, (2a; 0, 1, 2y-+2)—(2a—2y — 2; 0, 1,0); 
(3. 3) (2e+1; 0, 1, 2y+2)=(; 16, 2y+1—2e); 
(3.4) a>y+1, (2a+1; 0, 1, 2y+2)—(2a—2y—1; 0, 1,0), 
and the complementary set 
(4.1) (2a; 0, 1, 2y+1)=(; 0, 1, 2y-+1—2a); 
(4.2) e>y+1, (2«; 0, 1, 2y+1)—=(2a—2y —1; 1, 0, 0); 
(4.3) @<y,  (2a-+1; 0, 1, +1) 1, 0, 2y—2e); 
(4.4) a>y, (2a+1; 0, 1, 2y+1)=(2a—2y; 1, 0, 0), 
all of which are further irreducible. Note that since ; 
may take the value zero, (@; 0,1, 2y) is not necessarily 
reducible, while the type considered, («; 0, 1, 2y + 2), is. 
Apply (3. 1)—(4. 4) to (2. 2), (2. 4) after having first elimi- 
nated the condition «>8 by replacing « wherever it occurs 
by 4+ a. The results are: 
(5.1) «<y, (28+ 0,28+1, 28+ 2y+1) 
= (0; 0, 1, 27+ a 2a); 
(5.2) e>y+1, (28+ 2a; 0,28+1, 28+27+1) 
= (2a— 2y—1; 1, 0, 0); 
(5. 3) a@Sy, (28+ 2e+1; 0, 28+ 1, 28+ 2y+1) 
= (0; 1, 0, 2y — 2a); 
(5.4) a>y, (28+ 2e+1; 0, 28+ 1, 28+ 2y+1) 
= (2a — 2;; 1, 0, 0); 
and the complementary set, 
(6.1) +1, (28+ 0, 28+ 1, 28+ 2y + 2) 
= (0; 0, 1, 2y+2— 2a); 
= (2a — 2y — 2; 0, 1, 0); 
(6.3) a<y, (28+ 2e+1; 0,28+1, 28+ 2y+ 2) 
= (0; 1, 0, 2y + 1— 2a); 
(6.4) a>y+1, (28+ 0, 28+ 1, 28+ 2y +2) 
= (2a — 2y —1; 0, 1, 0). 
Examining (1. 1)—(2.4) and (5. 1)—(6.4) we see it is 
necessary to consider only 
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(7) N(p%n = ax? + + cp? = N,(p*n), 

(8) N(p*n = ax? + bpPHy? + cp? +27 +12) = N, (pn), 
(9) N( pn = aa? + bpP tty? + = N;(p*n), 
in order, by the reductions in § 3, to obtain a complete 
set of reduction formulas for 

(10) N(M = Az? + By?+ Cz’). 

That the three sets in § 5 are exhaustive is evident by 
inspection on referring to the notation in § 2. 


5. Final Formulas. For the Ni (¢=— 1, 2, 3) see (7), 
(8), (9). From (1. 1)—(1. 4) and (1.31), by eliminating the 
condition a>, we find 


(I) Form aa? + bpPy? + 
N,(p*n) = (0; 0, 28—2a, 28-+y—2a); 


a<B, N,(P***1n) = 0; 
N,( pP +n) — (a; 0, 0, 


From (2.1), (2.31) with y replaced by 2y, and from 
(5. 1)—(5. 4) we find upon eliminating e>y+1, e>y. 


(Il) Form ax? + bpP ty? + 
Nz(p**n) 0, 28+1—2a, 28+ 2y=—1—2a); 
a< Bp, p? wri) 
a<y, N.(p = (0; 0, 1, 2y +1—2a); 
-2a-- 2n) = (2a 0, 0); 


a<y, — (0: 1, 0, 2y —2a); 
+2441) — (2a; 1, 0, 0). 
From (2. 1), (2.31) with y replaced by 2y-+1, and from 
(6. 1)—(6. 4) upon elimination of e>y-+1 we find 
(IID) Form aa? + + cp? 4774222; 
N,(p*n) = (0; 0, 28+1—2a, 28+ 27 +2—2a); 
a<B, = 0; 


= 
= 
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a<y+1, Ng(p?*?n) = (0; 0, 1, 2y + 2—2e); 
N,( p?P +27 +2¢+2n) — (2a; 0, 1, 0); 
au<y, = (0; 1, 0, 27 +1—2«); 
N,( p?P+27+24+8y) = 2«e+1;0, 1, 0). 
In all of the above no further reduction is possible. 


6. Successive Reductions. Let D be the greatest common 
divisor of B, C in(10), and assume without loss of generality 
(§ 3) that M, A, B, C are relatively prime in their totality. 
Let M = M’p*, where p is any prime divisor of D, and 
M’ is prime to p. Apply (I)X—(III) of § 5. Repeat the 
process on the results for each remaining prime divisor 
of D, obtaining finally a system of formulas analogous to 
(D—(IID in which (10), for its several possible cases ac- 
cording to the prime factors of D, is replaced by a corres- 
ponding N(M'p*’ = A’x* + B’y? + C’z*) in which no further 
reduction with respect to B’, C’ is possible. This system 
of formulas may conveniently be written as a set of equalities 
between 7-rowed matrices, where r is the number of distinct 
prime factors of D. To each pair of A, B, C in (10) will 
correspond such a system of equalities, and all three to- 
gether give the complete reduction of (10). It would be 
of interest to discuss this set. 


7. (IV) Form Az?+ By?+ Cz?+.--+ Et®. As in §3 
the reduction for this form is referred to that of 

N(p?n = a? + pPy? + +... 
where 8, y,...,€ are integers > 0, and a precisely similar 
argument shows immediately that this NV is reduced when 
N(p*n = a? + + p?*72) is reduced. The complete set 
of reduction formulas can be written down from § 5. 

8. General Form. When the degree of f is 3+ a4, the 
process of reducing N(n =f) is evident from the fore- 
going; the discussion now depends upon [k/(3+ a@)] instead 
of [k/2]. 
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THE SCIENTIFIC WORK OF JOSEPH LIPKA 
BY W. C. GRAUSTEIN 


Joseph Lipka, Associate Professor of Mathematics at the Massachusetts 
Institute of Technology, died January 15, 1924, in his forty-first year 
and the sixteenth year of his service at the Institute. He was a mathe- 
matician of proven worth, intensely interested in his science, and un- 
remitting in his efforts to forward its progress. The last few years of 
his life were especially remarkable for their productivity. During this 
time he contributed what would normally be considered, both in volume 
and value, as the creditable work of a decade, and gave abundant promise 
of continued fruitfulness. That he has been taken in his prime is indeed 
a source of great regret and a distinct loss to mathematics. 

During Lipka’s student days at Columbia, Professor Kasner was 
busily applying differential geometry to dynamics and developing, in 
euclidean spaces of two and three dimensions, the geometric properties 
of dynamical trajectories and related systems of curves. It was this 
field of investigation in which Lipka was later initiated and did his 
work for the doctorate. His thesis consisted in a generalization, to a 
curved space of nm dimensions, of results obtained by Kasner concerning 
a natural family of curves, that is, a family of trajectories in a con- 
servative field of force corresponding to a given constant of energy, or 
more generally, any family of extremals resulting from a problem in the 
calculus of variations of the form, 


(1) feeds = minimum, 


where ds is the linear element of the space in question, and ¢ is a 
function of the coordinates of the space. 

Lipka’s later work, though largely confined to thé one field, falls 
naturally into two periods. The earlier of these sees the generalization 
of many of Kasner’s theories, first to ordinary surfaces and then to 
curved spaces of m dimensions. Noteworthy is the exhaustive study of 
dynamical trajectories on a surface for any positional field of force, and 
also the investigation of the geometrical properties of trajectory and 
related systems in Riemannian n-space. But perhaps the most important 
achievement of this period was the paper which established the validity, 
in all cases, of the Thomson-Tait criterion for a natural family. According 
to the theorem of Thomson and Tait, the 0o*—' curves of a natural 
family meeting an arbitrary hypersurface orthogonally form a normal 
hypercongruence, i.e., admit of cot normal hypersurfaces. That this 
property is characteristic of natural familes (for n > 2) had been proved 
by Kasner for a euclidean space of three dimensions. In the paper now 
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under discussion, this was proved for a euclidean space, first of four 
and then of m dimensions, and finally for a general curved space. 

During his career Lipka made two trips abroad, and both of them 
he turned to good account. The first, during the summer of 1913, brought 
him into contact with Professor Whittaker and the mathematical labora- 
tory at Edinburgh and thus furnished the inspiration which led him 
to found at the Institute a laboratory course and later to write the 
text on Graphical and Mechanical Computation. 

The summer of 1921 and the following academic year Lipka spent 
on leave in Europe, principally in Rome. This sojourn abroad marked 
the beginning of a new period in his scientific work. The stimulus and 
inspiration which he derived from his new associations, especially from 
those with Professor Levi-Civita, are clearly evident in his writings. 
His work is now permeated with the methods of the absolute calculus 
and governed largely by new ideas. As a first illustration may be 
mentioned the use of Hamilton’s canonical equations and infinitesimal 
contact transformations to prove anew, in a brief and elegant fashion, 
the Thomson-Tait characteristic property of natural families, and to 
extend this property so that it applies to an irreversible system; in 
the extension, which of course applies merely to a conservative field 
of force, it is no longer the curve which is orthogonal to the hyper- 
surfaces in question, but the resultant of the velocity vector along the 
curve and the vector whose components are the coefficients of the (new) 
linear term in the Lagrangian function. 

Another group of papers revolve about Levi-Civita’s notion of parallelism, 
or parallel motion of a direction along a curve, in a Riemannian space. 
By use of this concept Lipka gives a simple intrinsic definition of 
geodesic curvature, which is the analogue of that of ordinary curvature 
in euclidean space. Thus, if P’ is a point on a curve C neighboring 
to a given point P of C, and if dw is the angle between the tangent 
at P’ and the parallel at P’ to the tangent at P, the limit of the ratio 
of dw to the are PP’ is the geodesic curvature of C at P. In a later 
paper a similar process is employed to obtain the curvature of C at P 
relative to any curve C’ tangent at P to C. This new type of relative 
curvature finds application in dynamics when the curve C’ is taken as 
the trajectory of a natural family. 

From equation (1) it is clear that natural families are a generali- 
zation of geodesics and that every natural family is the conformal 
representation of the geodesics in a second space. It was doubtless these 
facts which led Lipka to generalize Levi-Civita’s concept of parallelism 
by replacing the geodesics at the basis of it by the trajectories of a 
natural family, and which suggested for the new type of parallelism 
the name “conformal parallelism”. This idea, by its very nature, is of 
value in the study of dynamical problems. For example, a trajectory 
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is now characterized by the fact that its direction at any point is con- 
formally parallel to its initial direction. Again, the curves orthogonal 
to the o' trajectories on an ordinary surface which issue at right angles 
from a given curve are conformally parallel. 

Perhaps the aspect of conformal parallelism which will make the widest 
appeal is its close connection with the second differential parameter. 
Levi-Civita has shown that the Gaussian curvature of a surface at a 
point P is the ratio of the angle between the initial and final positions 
of a direction which moves by parallelism completely around an in- 
finitesimal cycle through P, to the area of the cycle. Lipka shows that, 
in the case of conformal parallelism, this ratio is equal to the difference 
between the curvature at P and the value at P of 4.¢, where ¢ is the 
“characteristic” function given in (1). If, then, ¢ is any point function 
on the surface, the value at P of 4.¢ can be interpreted as the ratio 
of the angle between the two final positions of a direction which moves 
first by parallelism and then by conformal parallelism (with the charac- 
teristic function ¢) completely around the cycle, to the area of the cycle. 

The substitution of trajectories for geodesics and trajectory surfaces 
for geodesic surfaces forms also the basis for the development, in another 
paper, of a generalization of the Riemannian theory. Thereby Riemannian 
curvature is replaced by trajectory curvature, that is, the Gaussian 
curvature of a trajectory surface at a point. Moreover, the theory 
developed by Ricci concerning principa) directions and principal cur- 
vatures lends itself to complete generalization. The new theory contains 
the old as a special case, when ¢ is constant. The relationships be- 
tween the fundamental quantities in the two theories are thus readily 
obtained and are quite remarkable in their simplicity and elegance. 

Lipka’s last published paper has to do with a system of invariants 
introduced by Ricci in his study of orthogonal congruences, and called 
by him coefficients of rotation, in light of the fact that he was able 
to show that they can be interpreted in terms of rotations in the 
euclidean space in which the given curved space is imbedded. Following 
a suggestion of Levi-Civita, Lipka proves that these invariants admit 
a simple intrinsic interpretation within the given space by means of 
the notion of parallelism. This interpretation enables him to give elegant 
characterizations of certain types of congruences, notably congruences 
of geodesics, in terms of the vanishing of certain of the: invariants, 
and to obtain other results of equal importance. Finally, by introducing 
conformal parallelism instead of that of Levi-Civita, he develops a new set 
of invariants, which yield corresponding results bearing on trajectories. 

It is a pleasure to read Lipka’s writings. The habit of clear thinking 
and clear expression was ingrained in him. To this, as well as to his 
personal qualities, was due his success as a teacher. 

Lipka was natural, unpretentious, always cheerful and sympathetic, 
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ever willing to lend a hand, and enthusiastically devoted to his chosen 
work. And beneath these traits there was a definite, but more elusive, 
quality which vitalized them, a certain inner buoyancy, an ever forward 
pressing optimism, an intangible force which drew others to him. 


LIST OF LIPKA’S WRITINGS 
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BULLETIN, vol. 13, No. 10, pp. 489-497. 


1912 
Natural families of curves in a yeneral curved space of n dimensions. 
TRANSACTIONS OF THIS Society, vol. 13, No. 1, pp. 77-95. 
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Geometrical characterization of isogonal trajectories on a surface. 
ANNALS OF MATHEMATICS, (2), vol. 15, No. 2, pp. 71-77. 


1917 
A Manual of Mathematics, New York, John Wiley and Sons, 130 pp. 
Natural and isogonal families of curves on a surface. PROCEEDINGS 
OF THE NATIONAL ACADEMY, vol. 3, No. 2, pp. 78-83. 


1918 
Graphical and Mechanical Computation, New York, John Wiley and 
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Motion on a surface for any positional field of force. PROCEEDINGS 
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Alignment charts, MATHEMATICS TEACHER, vol. 14, No. 4, pp. 171-178. 
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1922 

Sui sistemi “E” nel calcolo differenziale assoluto. RENDICONTI DEI 
Lincet, (5), vol. 31, No. 7, pp. 242-245. 

Sulla curvatura geodetica delle linee appartinenti ad una varieta 
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On Hamilton’s canonical equations and infinitesimal contact trans- 
formations. JoURNAL OF MATHEMATICS AND Puysics, Massachusetts 
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On irreversible dynamical systems. JoURNAL OF MATHEMATICS AND 
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VEBLEN ON ANALYSIS SITUS 


VEBLEN ON ANALYSIS SITUS 
The Cambridge Colloquium, 1916, Part II. Analysis Situs. By Oswald 

Veblen. New York, The American Mathematical Society, 1922. 

vii + 150 pp. 

The present reviewer finds himself facing the infrequent experience 
of tackling the same work for the second time. That he derives no 
little satisfaction from it, is due to the fact that since the first review 
was written* he has made ample use of the book as an instrument of 
research, and hopes that the additional experience thus acquired will 
prove of value not only to himself but also to his readers. 

Let us say at once that the Lectures have stood the test of usage 
very well indeed. Hitherto a beginner attracted by the fascinating and 
difficult field of analysis situs, was obliged to wade through many 
widely scattered papers, beginning with Poincaré’s classic of the 1895 in 
JoURNAL DE L’EcoLe PoLyTEcHNIQUE and its multiple Compléments. 
Difficult reasonings beset him at every step, an unfriendly notation did 
not help matters, to all of which must be added, most baffling of all, the 
breakdown of geometric intuition precisely when most needed. No royal 
road can be created through this dense forest, but a good and thorough- 
going treatment of fundamentals, notation, terminology, may smooth 
the path somewhat. And this and much more we find supplied by 
Veblen’s Lectures. That few, if any, were better qualified than the 
author, by temperament and scientific past, to produce such a work, is 
well known among the devotees of analysis situs, whose number it 
will assuredly increase. As this field presents difficult problems in 
profusion, with but few general methods, such an increment is very 
much to be hoped fer. 

Two streams are found in analysis situs: the one related to point-set 
theory, the other primarily of a combinatorial nature, wherein are treated 
manifolds which for example in the case of two dimensions, are depic- 
table upon polyhedra with a finite number of plane polygonal faces. 
To this latter branch these Colloquium Lectures are almost wholly 
devoted. Withal the author is perhaps at his mathematical best at the 
points of contact of the two streams, say with the type of question 
presented by the occurrence of Jordan curves on a representative poly- 
hedron. 

Veblen has made extensive and very systematic use of the Poincaré 


* See Bulletin des Sciences Mathématiques for 1922. 
7 A k-cell is any point-set continuously depictable upon the interior 
of a hypersphere in k-space. 
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matrices of a manifold, whereby the incidence relations beween the 
k-cells and (k—1)-cells} are defined by the elements of a certain matrix. 
These elements are 0,+ 1, when the orientations of the cells are taken 
into consideration. In a notable paper (ANNALS OF MATHEMATICS, 1913) 
Veblen and Alexander showed that for many purposes the elements 
could be taken merely modulo 2. By comparing all these matrices 
and reducing them in the usual manner, one obtains the all important 
topological invariants and their relations. Our geometer friends will 
ruefully complain that the structure is much too analytical for their 
taste, but there is no help to it for the present, as nothing else com- 
parably rigorous is now in print. To the above aspect of the theory 
are devoted four of the five Lectures. Of particular excellence are the 
elegant development of normal forms for two-dimensional manifolds, the 
treatment of questions of orientation, also of covering complexes,—one 
of the most useful features of the book. Everything pertaining to 
general manifolds immersed in a given one with assigned cellular struc- 
ture is thereby thoroughly clarified. Of decided interest in this connection 
is the author’s reduction of arbitrary k-circuits (k-cycles) on a manifold 
to those composed exclusively of k-cells of a particular cellular sub- 
division. Thus a Jordan curve on a polyhedron would be reduced to a 
polygon of edges. From this follows indeed that certain integers related 
to the representative matrices (Betti numbers, torsion-coefficients, etc.) 
are actually topological invariants. 

The fifth and last Lecture differs in type from the others, and is 
more in the nature of what we have been accustomed to expect of such 
Lectures. It contains an excellent summary of several important questions: 
homotopy and isotopy, theory of the indicatrix, a fairly ample treatment 
of the group of a manifold, finally a bird’s eye view of what is known 
and not known (mostly the latter) on three dimensional manifolds. 

There is no fundamental criticism to level at the Lectures. An error 
in the argument pp. 142-143 has been pointed out by J. Nielsen of 
Copenhagen. And if one has some good important theorems, why refrain 
from displaying them appropriately by means of heavy type, titles, and 
the like? Of this sin the author is repeatedly guilty: it does not 
facilitate the beginner's task. We should also have been most thankful 


for a more complete bibliography. 

These Colloquium Lectures, one of the best productions of a Series 
of which American mathematics may well be proud, deserve to be and 
will be well received by fellow workers in this field and by the general 
mathematical public. 


S. LEFSCHETZ 
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Legons sur le Probléme de Pfaff. By Edouard Goursat, Paris, J. Her- 
mann, 1922. 386 pp. 

On the first page of Volume 3 of the Institutiones Calculi Integralis, 
Euler declares with reference to the equation Pdx + Qdy + Rdz=0, 
that there must be some multiplier M by means of which the expression 
on its left-hand side will become an exact differential; “for unless such 
a multiplier existed, the proposed differential equation would become 
absurd and would mean nothing at all”. If this opinion had remained 
unchallenged, the volume under review would not have had much reason 
for existence. For the problem of Pfaff with which it is occupied relates 


to differential expressions of which the linear form Xi +++, La) 


i=1 
is the simplest type, independently of whether or not there exists a 
multiplier which renders them exact. 
In a memoir of 1814, J. F. Pfaff showed the essential equivalence 
of the partial differential equation of the first order 


dz 


dz 


- 
dx, (z, 


and of the total differential equation 


dz — +++, Xn, Pn)dx, — podx2— --- — = 0. 
A solution of the latter equation consists of a set of m equations in 
Po,+++, Pn, Which are solvable for z, ps,---, pn in terms of 
21,-++,2n and thus yield functions which reduce this equation to an 
identity in 2,,---,2 and their differentials. It is a special case of 
the general equation X,dax, + ----+ X.dax = 0, in which X; are functions 
of x1,---,2n. The reduction of this equation and of the differential 


form on its left-hand side has been the object of many writers, among 
whom are Gauss, Jacobi, Grassmann, Clebsch, Darboux, Frobenius. This 
question occupies nearly all of Part I of Forsyth’s Theory of Differential 
Equations, to which M. Goursat refers for a historical account of the 
development of the subject. It also furnishes the material for E. vonWeber’s 
Vorlesungen iiber das Pfaffsche Problem, to which only very casual 
reference is made in M. Goursat’s volume. Indeed the latter is very 
different in character, for it is not primarily concerned with an account 
of the methods for the solution of the problem developed by various 
writers, but rather with its extensions and generalizations. This indeed 
is its real reason for existence as a separate volume. 

The first two chapters form a natural sequel to the author’s Legons 
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sur U’Intégration des Equations aux Dérivées Partielles du Premier Ordre 
to which they are similar in style. In the first, we find a thorough 
treatment of the fundamental theorem of Pfaff on the reduction of the 


linear differential form D> Xda to one or the other of the canonical 
forms 2,dy,; + 2pdyp+dyp+-1 or +--+-+ 2pdyp according as 
the class of the form is 2p +1 or 2p, where 21,-++, 2p, Yi, Ypt+s are 
linearly independent functions of 2,,---,%n. The concept “class of a 
form” introduced by Frobenius and the reductions to the canonical forms 
are developed here by the very elegant methods of Frobenius and Darboux, 
which are based on a consideration of a bilinear covariant of w, viz. 


aydx0r;, 


where 
OX: OX; 
a. 
OX; 


and of four associated covariant linear differential systems. The matrix 
of the ay being skew symmetric, it becomes apparent that the even- 
or oddness of the class c will be of importance. This distinction dues 
indeed run throughout the whole theory of the forms of Pfaff. A good 
knowledge of completely integrable linear differential systems is necessary 
to understand this part of the book. 

Chapter 2 is devoted to the problem from which the book derives 
its title, viz., that of solving the equation »= 0. A solution consists 
of p equations +--+, 2.) =0, i=1,---, p, p<n, such that from them 
together with those obtained from them by differentiation, the given 
equation follows. It is shown that the maximum number of dimensions 
of a manifold which in this sense satisfies the equation is n — (y + 1)/2, 
where 7 is the class of the equation, a number which is equal to c or to 
e—1, according as ¢ is odd or even; every integral manifold of lower 
dimensionality lies in this maximum-dimensional manifold; moreover, 
the maximum number of dimensions is never less than the integral part 
of n/2. The families of characteristic manifolds are determined by the 7 
solutions of one of the associated complete linear differential systems 
referred to above, and a general theorem is obtained establishing their 
relation to the integral manifolds. 

The second division of the book consisting of Chapters 3, 4, and 5 
deals with the generalization of the problem of Pfaff to differential forms 
of higher degree 


ap Okg,--- Aig, 


in which dzg,...drg, is a symbolic product whose characteristic pro- 
perties are to be determined. To justify this problem as an extension 


| 
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of the problem of Pfaff, the latter is restated in the following form: 
To determine in n-space all the r-manifolds (1<r<n) such that the 
line integral fw shall vanish if taken along any curve on such a 
manifold. The generalized problem is then to determine in n-space all 
r-manifolds p<r<n such that the [2 vanishes if taken over any 
p-manifold situated on them. The theory of the symbolic product 
dxg,...dxg,, and of the symbolic forms 2, as developed and applied 
in Chapters 3 and 4 is largely the work of MM. Cartan and Goursat. As 
remarked in the preface, the study of the symbolic products could readily 
be connected with the tensor calculus. It seems to the reviewer indeed 
a wise decision to have given the development independently of the 
general theory. 

The bilinear covarient w’ introduced for the simple case by Darboux 
and Frobenius finds an extension in the derivative 2’ of the form 2. 
As in the linear problem the vanishing of w’ was the necessary and 
sufficient condition for exactness, so 2’ =O is the necessary and suffi- 
cient condition for the exactness of 2. The concept “class of a form” 
is extended as are also the associated differential systems. 

Of especial interest in connection with the results of Chapters 1 
and 2 are the applications of the symbolic forms to the equation of 
Pfaff. The p™ derivative of a linear form w being a symbolic form of 
degree p+1, defined by the recursion formulas 


— 1) — 
m! 
w™™ w(w')™, 


it is found that if the c™ derivative is the first among the successive 
derivatives of a linear form w which vanishes, then the class of w is 
equal to c. The derivative forms furnish moreover in a very direct way 
a method for the reduction of a form of Pfaff to the canonical form 
discussed in Chapters 1 and 2. Chapter 4 closes with the application 
of these results to a system of partial differential equations and to the 
problem of contact transformations. 

The fundamental properties of the integral invariants of a system of 
differential equations 


dx, dt, dita 
X. 
are shown in Chapter 5 to follow quite naturally from the properties 
of the symbolic forms considered in the preceding chapter. The treatment 
followed complements in an interesting manner that of Cartan in his 
recent book on Integral Invariants (see this BULLETIN, vol. 29, p. 140). 
There are a variety of beautiful results: the relation between the invariant 


character of fw and of fw’, w being a form of any degree; the theorem 
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that every relative integral invariant is the sum of an absolute inte- 
gral invariant and the integral of a symbolic total differential, etc. 

The last three chapters are devoted to recent results in the study 
of systems of Pfaff, a great part of which is due to Cartan. The first 
question considered in Chapter 6 is as to the maximum number of 
dimensions p of an integral manifold of a system of r forms of Pfaff. 

There is a rich amount of material, too varied to lend itself to brief 
discussion, on systems of linear differential expressions, contact trans- 
formations, derived systems, the problem of Monge, second order partial 
differential equations, etc. The final chapter is devoted to the classifi- 
cation of the integral elements of a system of Pfaff and to the existence 
theorem. 

The book affords an excellent introduction to the study of a problem 
which occupies a very central position in the theory of differential 
equations. It gives a detailed survey of the classical theory, of its 
connections with other domains, of its most modern delelopments, and 
of the directions in which further advances may be made. 


A. DRESDEN 


WATSON ON BESSEL FUNCTIONS 


A Treatise on the Theory of Bessel Functions. By G. N. Watson. 

Cambridge, University Press, 1922. viii-++ 804 pages. 

The purpose of this book is twofold: to develop certain applications 
of the fundamental processes of the theory of functions of complex 
variables for which Bessel functions are admirably adapted; and secondly, 
to compile a collection of results which shall be of value to the in- 
creasing number of mathematicians and physicists who encounter Bessel 
functions in the course of their researches. The author believes that 
the existence of such a collection is demanded by the greater ab- 
struseness of properties of Bessel functions (especially of functions of 
large order) which have been required in recent years in various problems 
of mathematical physics. 

In his exposition the author has endeavoured to accomplish two 
specific results: to give an account of the theory of Bessel functions 
which a pure mathematician would regard as fairly complete; and to 
include all formulas, whether general or special, which, although with- 
out theoretical interest, are likely to be required in practical appli- 
cations. An attempt is made to give the latter results, as far as possible, 
in a form appropriate for use in the applications. These exalted aims 
the author seems to bave achieved with a remarkable success. The 
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great amount of material thus to be included and the necessity for 
keeping the size of the book within bounds have made necessary the 
employment of a concise and compact exposition: but this has been 
attained without undue sacrifice of clarity. Nearly all parts of the 
book are as easily read as one has a right to expect in the case of 
material of this sort. The general theory on which the special results 
in this volume are based is to be found in the Course of Modern 
Analysis by Whittaker and Watson. It is greatly to the reader’s con- 
venience to have a single volume for reference for the basic theory on 
which the exposition is founded. 

Concerning the choice of canonical functions the author speaks as 
follows in his preface: “It is desirable to draw attention here to the 
function which I have regarded as the canonical function of the second 
kind, namely the function which was defined by Weber and used sub- 
sequently by Schlafli, by Graf and Gubler, and by Nielsen. For histori- 
cal and sentimental reasons it would have been pleasing to have felt 
justified in using Hankel’s function of the second kind; but three con- 
siderations prevented this. The first is the necessity for standardizing 
the function of the second kind; and, in my opinion, the authority of 
the group of mathematicians who use Weber's function has greater 
weight than the authority of the mathematicians who use any other 
one function of the second kind. The second is the parallelism which 
the use of Weber's function exhibits between the two kinds of Bessel 
functions and the two kinds (cosine and sine) of trigonometric functions. 
The third is the existence of the device by which interpolation is made 
possible in Tables I and III at the end of Chapter XX, which seems 
to me to make the use of Weber's function inevitable in numerical 
work.” 

In connection with each section references are given to the memoirs 
in which the results were first announced but the methods of proof 
employed are often different from those of the original investigators. 
A very complete bibliography of thirty-six pages is given at the end 
of the book. 

Space does not allow us to give an analysis of the contents of so 
large a volume. But we may give a bare outline of the contents by 
means of chapter headings. These are as follows: Bessel functions 
before 1826 (pages 1-13), the Bessel coefficients (14-37), Bessel func- 
tions (38-84), differential equations (85-131), miscellaneous properties 
of Bessel functions (132-159), integral representations of Bessel func- 
tions (160-193), asymptotic expansions of Bessel functions (194-224), 
Bessel functions of large order (225-270), polynomials associated with 
Bessel functions (271-307), functions associated with Bessel functions 
(308-357), addition theorems (358-372), definite integrals (873-382), 
infinite integrals (383-449), multiple integrals (450-476), the zeros of 
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3essel functions (477-521), Neumann series and Lommel’s functions of 
two variables (522-550), Kapteyn series (551-575), series of Fourier- 
Bessel and Dini (576-617), Schlémilch series (618-653), the tabulation 
of Bessel functions (654-664), tables of Bessel functions (665-752), 
bibliography (753-788), index of symbols (789-790), list of authors 
quoted (791-795), general index (796-804). 

The author’s work is well done throughout. The reviewer did not 
detect any omissions or serious blemishes of any kind. In some respects 
the exposition is probably more disjointed than is necessary. Some 
parts would profit by being brought into closer connection with related 
general theories relative to differential equations; but the author is 
right in avoiding the use of any large part of the general theory of 
differential equations. It appears to the reviewer that the exposition 
of the theory of the zeros of Bessel functions would profit by a closer 
connection with the general oscillation theory of the solutions of linear 
homogeneous differential equations of the second order, especially since 
that theory has taken such simple form in the hands of Bocher. In a 
similar manner the general notions involved in the Birkhoff theory of 
expansions in terms of orthogonal and biorthogonal functions satisfying 
linear differential equations would serve to give greater unity to the 
four long chapters on expansions in terms of Bessel functions. But, 
even so, there is something to be said in favor of the direct treatment 
employed by the author. 

Many of the results recorded appear to be of the nature of special 
instances of general propositions yet to be discovered. In the case of 
these a disjointed exposition is inevitable until the general theory has 
been brought into existence. Perhaps the book will serve a third 
important purpose in addition to the two which the author had in mind 
in preparing it. It is suited to suggest further researches in two 
ways: it will raise interesting questions concerning Bessel functions 
and the differential equation which they satisfy; it will also suggest 
general theories concerning linear differential equations, theories special 
instances of which are afforded by the Bessel equation. In this respect 
the expansion theory seems to hold out the greatest promise. We may 
well close the review by emphasizing the importance in this respect 
of the four excellent chapters devoted to expansions of functions in 
series of Bessel functions. 

R. D. CARMICHAEL 
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BIRKHOFF ON RELATIVITY 


Relativity and Modern Physics. By G. D. Birkhoff. Cambridge, Harvard 

University Press, 1923. xi-+ 283 pp. 

Birkhoff’s general plan for his book on relativity is excellent. He 
begins with a rapid survey of those branches of classical physics which 
are to be affected most seriously by the new theory. This survey shows 
that the old theories have been fundamentally limited by the under- 
lying concept of a rigid body in empty space, and leads to the inquiry 
as to what sort of a theory can be built up by using for our physical 
model ‘‘a number of very small material particles in motion at com- 
paratively great distances from each other in otherwise empty space”. 

For simplicity he limits attention at first to a one-dimensional case. 
The position of a particle B with respect to a particle A is determined 
by the time ¢, of emission and the time ¢, of return of a flash of light 
from A which is reflected by B.* Thus the events of a one-dimensional 
universe are seen to constitute a two-dimensional manifold. It is shown 
how the coordinates ¢, and ¢. may be replaced by the more conventisnal 
a, t, but the early part of the discussion is carried out in terms of the 
physically primordial ¢, and 2. 

By introducing certain assumptions (isometric, etc.) as to the character 
of space-time, attention is limited to two special cases which Birkhoff 
calls “aeolotropic” and “isotropic” respectively. The first leads to the 
classical and the second to the special relativity metric. The conse- 
quences of the two assumptions are developed far enough by the end 
of chapter four to give a clear general idea of the differences between 
the two cases. From this point on attention is restricted to the iso- 
tropic case. 

Three chapters are now devoted to the development of the special 
relativity in a two-dimensional space-time, the main topics being the 
dynamics of a particle and of a system of particles and one-dimensional 
hydrodynamics. From this discussion there emerges that complex of 
ideas which Einstein has bound together in the energy-momentum tensor. 
Then comes a chapter on tensor analysis and Riemann geometry, followed 
by a chapter on gravitational theory in two dimensions. 

On page 150 (there are 270 pages of text) we turn for the first time 
to physical problems of more than one space dimension. In two chapters 


* This method of arriving physically at a coordinate system had 
previously been suggested by J. L. Synge, Nature, vol. 108, p. 275 
(October 27, 1921) and worked out to a certain extent for the three- 
dimensional case. 
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the previous discussion of special relativity is generalized to four dimen- 
sions, so that on arriving at page 186 we have the kinematics, dynamics, 
and hydrodynamics of the special theory behind us. Reversing the 
historical order, the author now closes his discussion of the special 
relativity with an account of the electromagnetic equations. 

The remaining sixty odd pages of the book are devoted te the general 
relativity. They contain first the determination of the possible types 
of linear homogeneous tensor equations of the second order. Then follows 
an account of Einstein’s partial differential equations for a gravitational 
field with or without matter. Then the Schwarzschild form for the solar 
field is deduced and followed by an account of the three famous astro- 
nomical applications. 

As intimated above, the arrangement of the book seems to the reviewer 
to be a very happy one. It responds very well to the fact that although 
the relativity theory arose from a study of the electromagnetic equations 
it was obtained by revising our views of kinematics and matter. Also, 
the prolonged attention to the two-dimensional case accustoms the reader 
to the machinery of tensor analysis and to a long series of abstract 
conceptions while he is dealing with figures that are easily visualized. 
The reader is thus prepared to meet the difficulties due to the com- 
plicated set of relations in the four-dimensional case, with the most 
important general concepts already in mind. It is true, on the other 
hand, as pointed out by Eisenhart in a careful review of this book in 
Science for December 28, 1923, that the methods which suggest them- 
selves first in the two-dimensional case cannot always be used in the 
four-dimensional one. But such cases are exceptional in this book. 

The book is intended as an introduction to the subject which may 
be used as a text in an undergraduate course. From this point of view, 
the first four chapters seem very difficult reading. There are other 
books, as, for instance, that of Kopff, with which it would be easier 
to start. It seems likely that the book will find its place not as a text- 
book in the ordinary sense but as one of two or three texts to which 
the student may refer for different points of view. 

The reviewer has heard the opinions of various people who have 
read Birkhoff’s book, or parts of it, without being previously well 
acquainted with the Einstein theory. In general, the accounts were 
more favorable from those who were not professional mathematicians 
than from those who were. The distinction seems to be due to the fact 
that readers of the latter class were disturbed by what they regarded 
as lapses from mathematical elegance or clarity of statement. In many 
cases they were handicapped by their own ignorance of physics. No 
one in either class regarded the book as easy reading, but all were 
impressed with the author’s originality in point of view and with his 
grasp of the subject. 


| 


1924.] BIRKHOFF ON RELATIVITY 367 


The reviewer's own opinion is that the real merit of the book is 
that it will convey new ideas and stimulating points of view to a reader 
who has already devoted a good deal of thought to the subject. The 
derivation of the Schwarzschild form without the hypothesis that the 
field is static and irreversible is obviously an important contribution. 
So is the chapter on linear tensor equations. But there are many less 
prominent matters which show great originality of method or content. 
The reviewer has dipped into the book at several places and always 
found something worth thinking about. See, for example, the treatment 
of statistical mass on page 72, or the form for the equations for 
gravitation on page 229, or the account of the tensor 9‘: (which is 
in fact the second extension of gy) on page 123. 

The postulational treatment to which the author calls special attention 
in the preface would better, in the opinion of the reviewer, be charac- 
terized as prolegomena to a set of postulates. The term “postulational 
treatment” has come in recent years to have a very precise significance. 
It implies an explicit list of undefined terms and a sharp statement of 
the logical form of the unproved propositions. It usually implies also 
an investigation of independence proofs. Such a study would doubtless 
have been impracticable in this book, but it would be interesting to 
see it carried out on some other occasion along the lines indicated by 
Birkhoff. 

In various places Birkhoff brings out either explicitly or implicitly 
the great role played by considerations of symmetry and simplicity in 
the derivation of the equations of physics. One is tempted to feel that 
many of the other reasons advanced for adopting the expressions actu- 
ally used in physical theories merely cover up the fact that these ex- 
pressions are the simplest and most symmetrical ones which do not 
flagrantly contradict known facts. This reflection is also induced frequently 
on reading Einstein’s book, The Meaning of Relativity, and it is doubtless 
capable and worthy of much more explicit development. 


OswALD VEBLEN 
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BOREL’S THEORY OF FUNCTIONS. 


Méthodes et Problémes de la Théorie des Fonctions. By Emile Borel. 
(Collection de monographies sur la théorie des fonctions.) Paris, 
Gautier-Villars, 1922. ix + 148 pp. 

The volume under review, which Borel states in the introduction is 
to be the last of this justly celebrated collection of monographs to 
appear under his own name, is designed to supplement the earlier 
volumes of the series by bringing together in their original form a 
number of his notes and memoirs on the theory of functions. The 
twenty-seven articles included in this volume appeared in a number 
of journals during the years 1895—1912. They cover a wide range 
of subject matter and indicate clearly the breadth, originality, and 
versatility which have been the source of the very great influence which 
Borel has exerted on the progress of analysis in the last thirty years. 

The memoirs presented are grouped in four chapters: Les domaines 
et la théorie dés ensembles; Les opérations et les développements en séries; 
La théorie de la croissance et le réle des constants arbitraires; Les 
JSonctions de variable complexe, en général, et les fonctions particuliéres. 

The introduction is devoted to an interesting analysis of the many 
striking analogies between biology and the theory of functions, both in 
content and in historical order of development. As man learned to use 
animals and plants before he had acquired a thoroughgoing knowledge 
of anatomy or physiology so mathematicians discovered and utilized the 
elementary functions, algebraic, circular, exponential. In biology the 
study of the structure of organisms led to the analysis of cellular life 
and organic chemistry; in the theory of functions the analysis of the 
properties of functions brought into existence the modern theories of 
aggregates, numbers, sets of points. 

In the first chapter Borel remarks that the domains and ensembles 
are to functions as the tissues are to living organisms and calls 
attention to the importance which this part of the theory of functions 
has come to assume. Of the seven papers included in this chapter 
three are brief notes, one on the representation of discontinuous functions 
as limits of continuous functions and two on the theory of measure. 
The last of these outlines a procedure which may be substituted for 
the method of Lebesgue in the theory of integration. Three articles 
are devoted to the analysis arid classification of sets of measure null. 
It is significant that the discoverer of the role in analysis of the sets 
of measure null should be the pioneer in the study of their structure 
and the closely related theory of monogenic non-analytic functions. 
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This chapter also contains a memoir entitled, “Sus les définitions 
analytiques et sur Villusion du transfini”, which presents ably and 
forcibly the author’s views regarding the limitations which should be 
placed upon arguments involving the transfinite. As is well known, 
no finite collection of words and symbols is adequate to the represen- 
tation of all the transfinite ordinals of the second class. Borel calls 
attention to the relation between these ordinals a and the corresponding 
types of increasing function g, (mn). In terms of these functions g, (n) 
it is possible to define a function f(x) which is not representable analyti- 
cally, but the complete definition of the function f(x) rests upon the 
assumed definition of the g, (mn) and the latter definition is impossible 
in a finite number of words. 

The second chapter, on operations and developments in series, contains 
a short memoir on the conditions governing a change in the order of 
the terms of a conditionally convergent series, a memoir on the 
representation of functions of two real variables, and one on the inte- 
gration of unbounded functions and constructive definitions. In his 
discussion of constructive definitions Borel expounds in detail his view 
that the only entities which may properly enter a mathematical discussion 
are those which are “well-defined”. The continuum of Cantor and 
Dedekind is not “well-defined” in the sense of Borel since the numbers 
which form the continuum are not all definitely given. Hence, to be 
entirely consistent, it would be necessary for Borel either to abandon 
the use of the concept of the continuum and the related theory of 
functions or else so to transform these theories that they rest upon a 
“well-defined” basis. In spite of the admonishments of Borel and other 
adherents of his views, the number of those who call themselves 
mathematicians and who devote themselves to the study of concepts 
which are not “well-defined”, such as non-measurable functions, trans- 
finite cardinals and ordinals, measurable sets which are not Borel sets, 
curves in non-metrical analysis situs, is large and is increasing. It 
is not possible for any one group to guide or stem the tide of mathe- 
matical investigation or to say that here is mathematics; thus far and 
no farther may it go. 

In the preliminary remarks to the third chapter Borel points out 
that in biology the greater interest and value lies in the study of the 
existent and normal species rather than in the study of hypothetical 
non-existent or abnormal species. By analogy, in mathematics the 
subject of functions which increase exponentially (to which that chapter 
is devoted) is relatively of great importance. The chapter contains 
ten notes, of which three are on the theory of the increase of integral 
functions and three are on various modes of approximation. One of 
the remaining four notes is concerned with an analogy between the 
number e and the algebraic numbers, one with an analytic partial 
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which has for certain values of a a solution ¢ (a, y) which is nowhere 
analytic in x or y; another to a formula for any analytic integral of 
a linear partial differential equation with analytic coefficients, and the 
last to the periods of abelian integrals and a related generalization. 

The fourth chapter contains seven notes on the theory of functions 
of a complex variable which appeared in the Compres Renpvs from 
1897—1912. If g (z) is a function with zeros at a,, a2, ..., the formula 


Cy (2) 


(z—a,) (ay) 


determines, in the case of convergence, a function f(z) which assumes 
prescribed values c, for z—a,. In the first note Borel considers 
conditions that g and so f be unique and brings out the intimate 
relationship between the theory of the zeros of integral functions and 
the problem of determining a function f(x) uniquely by an enumerable 
infinity of conditions. The next three notes consider the relations 
between the coefficients of a power series and the singularities of the 
corresponding function. The fifth note, entitled Sur l'étude asymptotique 
des fonctions méromorphes (1902), is of historical interest. In this 
note Borel applied the method of exclusion of singularities to the case 
of functions whose singularities are everywhere dense in a region and 
was thereby led by a natural sequence of ideas to the discovery of the 
importance of the sets of measure null. The sixth and seventh notes 
are concerned respectively with a remarkable and unexplained relation 
between the coefficients of certain differential equations and the in- 
variants of binary forms and with the variation of an analytic function 
in the neighborhood of an essential singularity. 

In a brief conclusion Borel recommends that mathematicians seek 
to classify systematically those mathematical entities which are well- 
defined. He shows clearly that this work will rest upon a profound 
study and classification of those incommensurable numbers which are 
truly defineable, and remarks that although the subject is very difficult 
it is one in which the least conquest is infinitely precious because of 
its reactions; one attains here the living substance itself of which all 
mathematical entities are made; nothing is more important than the 
properties of number. 


E. W. CHITTENDEN 
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Vorlesungen iiber die Theorie der Algebraischen Zahlen. By E. Hecke. 
Leipzig, Akademische Verlagsgesellschaft, 1923. 264 pp. 


This book had its origin in lectures delivered by the author in Basel, 
Gottingen, and Hamburg. As stated in the preface the aim of the book 
is to bring the reader to a comprehension of the questions which at 
present form the summit of the theory of algebraic number fields, 
without presupposing any knowledge of the theory of numbers. In 
reading the book the reviewer was particularly impressed by its richness 
in content. By the skillful coordination of important notions, the author 
gives, in the 264 pages, an elegant and comprehensive account of the 
modern theory of algebraic numbers. 

The first chapter contains an introductory account of the theory of 
rational numbers. This is followed by a chapter of 28 pages on the 
theory of groups with special consideration of abelian groups, both 
finite and infinite. ‘The purpose of this chapter is to familiarize the 
reader with those properties of abelian groups which may be advanta- 
geously used in the further development of the theory of rational numbers 
as well as the theory of algebraic numbers. 

In the third chapter the group properties developed in the second 
chapter are used in the further study of the rational numbers. The 
chapter contains the theory of solutions of congruences; the theory of 
power residues; and in particular that of quadratic residues leading up 
to a statement of the law of quadratic reciprocity. The proof of this 
law is, however, deferred to Chapter eight, which contains the author’s 
proof of the general law of quadratic reciprocity in a general algebraic 
number field. 

Chapter four contains the algebraic development of the theory of 
algebraic numbers, and the algebraic properties of fields defined by the 
roots of algebraic equations. 

Chapter five is the longest chapter of the book and contains a very 
comprehensive account of the arithmetic of an algebraic number field. 
The general theory of ideals is developed and theorems regarding the 
factorization of rational primes are given for certain special types of 
fields. This is followed by Minkowski’s theorem on linear forms, with 
its application to the study of the units of a field. 

A brief discussion of rings is given, and by the use of fractional 
ideals the author develops that part of the theory which deals with 
differents and discriminants of fields, and conductors of rings. 

The sixth chapter is an introduction to the use of transcendental 
methods in the theory of algebraic number fields. It contains the 
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development of the expression for the density of the prime ideals of a 
class, and its application to the problem of the determination of the 
number of classes. This is followed by a consideration of the zeta 
function and some of its applications. 

Chapter seven is devoted to a more detailed consideration of quadratic 
fields. Norm residues are considered and the properties of Hilbert’s norm 
residue symbol are developed. The separation of the ideals into genera 
is studied and the number of genera determined. 

The further topics considered in this chapter are the zeta function 
in a quadratic field; the expression for the class number in a quadratic 
field (this without the use of the zeta function); the Gaussian sum; 
and the relations existing between ideals of a quadratic number field 
and binary quadratic forms. 

Chapter eight contains a new proof of the most general law of 
quadratic reciprocity in an arbitrary algebraic number field. In this deve- 
lopment the author makes use of his generalization of the Gaussian sum. 

The chapter ends with a proof of the existence of class fields of 
relative degree two. This is a consequence of the general law of 
reciprocity. 

G. E. WAHLIN 


Die Philosophischen Grundlagen der Wahrscheinlichkeitsrechnung. By 
E. Czuber. No. XXIV of Wissenschaft und Hypothese. Leipzig and 
Berlin, B. G. Teubner, 1923. 8-+ 343 pp. 


Czuber’s book on the philosophy of probability is in essence a 
clarification of the fundamental concepts and theorems of the theory 
of probability by means of analysis and criticism of attacks directed 
against the theory in certain recent writings. The author’s patient 
analysis and kindly criticism center chiefly on Meinong’s rather labored 
Uber Méglichkeit und Wahrscheinlichkeit and Marbe’s naive ideas on 
probability expressed in his Die Gleichférmigkeit in der Welt. The 
concept and definition of probability, the addition and multiplication 
theorems, the theorems of Bernonlli, of Poisson, and of Bayes, the 
relation of probability to our knowledge of nature, all come in for 
detailed discussion. 

Czuber’s book, in the opinion of the reviewer, is intended primarily 
for non-mathematicians. Students of mathematical probability will find 
in the author’s admirable Wahrscheinlichkeitsrechnung (3d edition, 1914) 
the substance of nearly all his views on the fundamentals of probability 
found in the Grundlagen. One instance of departure from his earlier 
work may be worth noting here: the obtaining (in Chap. VI) of the 
theorem of Bayes as a simple corollary of the multiplication theorem 
for dependent events (compare Boole’s Laws of Thought, p. 254, II). 


B. A. BERNSTEIN 
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Die Arithmetik der Quadratischen Formen, zweite Abteilung. By 
P. Bachmann. Leipzig, B. G. Teubner, 1923. xxii + 537 pp. 


Bachmann’s series of books, which together aim to cover the entire 
field of the theory of numbers, are recognized as the standard from the 
standpoints both of scholarship and clearness. Hence the publication 
of a new book in this series is an important event to the many devotees 
of this field. Although the new volume forms the second part of the 
work bearing the same title, it is really independent of the first part- 
(which appeared in 1898), as well as of the other volumes of the series. 
This self-contained book employs largely the methods of the geometry 
of numbers initiated by Minkowski, and treats mainly the problem of 
the reduction of quadratic forms. 

There are sixteen chapters, the number of pages in each of which 
varies only slightly from the average 33. ‘The topics of the chapters 
are as follows: Binary quadratic forms; Lattices and continued fractions; 
Reduction of indefinite binary quadratic forms; Their minima; Geometrical 
interpretation of binary quadratic forms by means of lattices in a plane; 
Lattices in space and positive ternary quadratic forms; Geometry of 
numbers in n-dimensional space; Positive quadratic forms in m unknowns; 
Their reduction; Complete forms of Voronoi, limit (or extreme) forms; 
Equivalence and classes of positive quadratic forms; Decomposable 
forms; Quadratic and cubic irrationalities; Generalized algorithm of 
continued fractions; Minkowski’s criterion for algebraic numbers; Inde- 
finite quadratic forms in more than two unknowns. 

The book was edited by Haussner, but follows essentially the manus- 
cript left by Bachmann at his death in 1920. 

L. E. Dickson 


Analytische Geometrie des Raumes. By Salmon-Fiedler, revised by 
Brill-Kommerell. Leipzig, Teubner, 1922. 590 pp. 


Those familiar with the original Salmon-Fiedler will at once recognize 
that about ninety per cent of the revised edition is identical with the 
original. The remaining ten per cent of the book has been rewritten 
in such a manner as to make the revision a real contribution as a text 
book on the subject. The changes have been made in the form of more 
detailed explanations of certain rather obscure articles, the addition of 
many cuts and the addition of new subject matter. A great deal of the 
projective treatment has been omitted and analytic proofs substituted. 
The subject of quadratic forms has been entirely rewritten and precedes 
the transformations of surfaces. By changing the order the latter subject 
is introduced by means of the former. Many new examples have been 
added and several of the original exercises have been omitted. As a 
text I consider it superior to the revised English edition. 

F. M. Morean 
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On a Special Polyadic of Order n—p which can be Derived from any 
p Independent Vectors in an n-Dimensional Space and which can be 
Regarded as a Generalization of the Vector Product. By Almar Naess. 
(Videnskapsselskapets Skrifter, I. Mat.-Naturw. Klasse, 1922, No. 13.) 
Kristiania, Jacob Dybwad, 1923. 53 pp. 

This beautifully printed pamphlet of 53 pages is an important con- 
tribution to generalized vector algebra. It deals with the “space- 
complement” of a set of p vectors, proved invariant under orthogonal 
transformation, and distributive, i. e. the space-complement of a sum 
of polyadics is the sum of the space-complements of the terms. The 
space-complement of the space-complement of p vectors is their alternant 
product, a fact whose importance in the logic of the subject can hardly 
be overestimated, — e. g. in 3-space the space-complement of two vectors 
is their vector product, while their alternant product is a skew-symmetric 
tensor often confounded with the vector product. Many other illustrations 
are given of which the generalized divergence and curl are especially 
noteworthy. 

F. L. Hircucock 

The Atom and the Bohr Theory of its Structure. By H. A. Kramers 
and Helge Holst. New York, Knopf, 1923. xiii + 210 pages. 

This volume contains an excellent English translation by R. B. Lindsay 
and Rachel T. Lindsay of the Danish original by the outhors named. 
There is an introduction by Sir Ernest Rutherford. The latter recommends 
the book as a clearly written and accurate account of the development 
of our ideas on atomic structure. My purpose in writing a note about 
the book in this place is to call the attention of mathematicians to the 
fact that we have here a self-contained introduction to the important 
ideas of Bohr and his followers concerning the atomic structure of 
matter. This book itself is free of mathematical detail. But the theories 
to which it gives an introduction involve problems of great difficulty 
and importance requiring the combined skill of the mathematician and 
the physicist for their resolution. After a brief account of the earlier 
development of the atomic theory the authors set forth the ideas of 
Bohr in some detail for the case of the hydrogen atom. The nature 
of the problems which arise become manifest here in their simplest 
form. Then several applications are made to various problems of atomic 
structure. The book will serve to orient the reader in the whole field. 
Details are not given of the mathematical problems; but one acquainted 
with as much of the theory as this book contains will find it com- 
fortable to proceed to the memoirs. The Bohr theory opens up a great 
opportunity for the cooperation of mathematics and physics in solving 
one of the most fundamental problems of all natural science. 


R. D. CARMICHAEL 
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Vector Analysis. By C. Runge. Vol. I. Translated by H. Levy. New York, 

Dutton and Co., 1923. vi -+ 226 pages. 

This translation contains the vectors of three-dimensional space. The 
original was reviewed in this BULLETIN, vol. 27, ser. 2, p. 464. There 
is little to add with regard to the translation. Heavy black letters have 
been substituted for German letters, which is more in conformity with 
prevailing customs, and tends to legibility, and the pages have been 
printed in a more open manner. The book is printed on thick paper 
which is a disadvantage as it makes it somewhat clumsy to use, and 
is not likely to be durable. The reviewer wonders why the translator 
saw fit (p. 211) to use cogradience and contragradience instead of the 
common terms cogrediency and contragrediency. The book will be of 
little use to students of physics particularly. 

J. B. SHaw 


Champ de Gravitation Uune Sphére Matérielle et Signification Physique 
de la Formule de Schwarzschild. By Jean Becquerel. Paris, J. Hermann, 
1923. 32 pp. 

La Théorie Einsteinienne de la Gravitation. By Gustave Mie (trans- 
lated by J. Rossignol). Paris, J. Hermann, 1922. xi-+ 118pp. 

The first of these publications contains an interesting interpretation 
of Schwarzschild’s equation by means of an orthogonal projection of 
the non-euclidean solar field upon an asymptotic Minkowskian plane 
four-space tangent to the solar field at infinity. 

This problem is also treated in an appendix which lends distinction 
to an otherwise undistinguished pamphlet by Mie. 

C. N. REYNOLDs, JR. 


Annuaire pour l’An 1923. Publié par le Bureau des Longitudes. Paris, 

Gauthier-Villars, 1923. 654 pp. + Appendices. 

Only minor changes are noticeable in the Annuaire for 1923, although 
these are all of a nature to keep the publication up to date. Since 
the volume no longer appears well in advance of the year of date, 
astronomical information for the succeeding year is given in a sup- 
plement. 

Besides two “Notices”, one by P. Appell on Gabriel Lippmann and 
the other by A. Jobin on Jules Carpentier, a long one entitled Le 
climat de France: Veau atmosphérique is contributed by G. Bigourdan. 
This gives in readable form the main features of what we call weather 
and climate with the physical principles which are to be used in the 
discussion of them. Particular attention is paid to rainfall, its distribu- 
tion in time and space, with tables for various departments of France. 


E. W. Brown 
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NOTES 

The concluding number of volume 24 of the TRANSACTIONS OF THIS 
Society (December, 1922) contains the following papers: Representations 
of a complex point by pairs of ordered real points, by W. C. Graustein; 
Non-loxodromic substitutions and groups in n dimensions, by E. B. Van 
Vleck; Birational transformations simplifying singularities of al- 
gebraic curves, by G. A. Bliss; A symbolic theory of formal modular 
covariants, by Olive C. Hazlett; On the mean-value theorem corres- 
ponding to a given linear homogeneous differential equation, by Georg 
Pélya. The third number of volume 25 of the TRANsActTIoNsS (July, 1923) 
contains: Discontinuous boundary conditions and the Dirichlet problem, 
by Norbert Wiener; A type of differential system containing a parameter, 
by F. H. Murray; On a remarkable class of entire functions, by J. I. 
Hutchinson; Note on an ambiguous case of approximation, by Dunham 
Jackson; Expansions in terms of solutions of partial differential equa- 
tions. Second paper: Multiple Birkhoff series, by C. C. Camp; Circular 
plates of constant or variable thickness, by C. A. Garabedian; Permu- 
table rational functions, by J. F. Ritt; On approximation by functions 
of given continuity, by Dunham Jackson. 


The concluding number of volume 45 of the AMERICAN JOURNAL 
or MatHematics (October, 1923) contains: Sylow subgroups in the 
group of isomorphisms of prime power abelian groups, by H. A. Bender; 
The isodyadic quintic, by J. C. Glashan; On class number relations for 
bilinear forms in four variables, by E. T. Bell; Relative inclusiveness 
of certain definitions of summability, by D. S. Morse; Modular in- 
variants of a binary group with composite modulus, by Constance R. 
Ballantine; Determination of a surface by its curvatures and spherical 
representation, by W. C. Graustein. The first number of volume 46 
(January, 1924) contains: On the theory of numbers and generalized 
quaternions, by L. E. Dickson; A study of the rational involutorial 
transformations in space which leave a web of sextic surfaces invariant, 
by J. 0. Osborn; On the reduction of differential parameters in terms 
of finite sets, with remarks concerning differential invariants of analytic 
transformations, by 0. E. Glenn; On the isodyadic septimic equations, 
by J. C. Glashan. 


The first International Congress for Mechanics was held at Delft, 
Holland, April 22-25, 1924. The congress met in three sections, for 
the presentation of papers on rational mechanics, theory of elasticity 
and rigidity, and hydro- and aerodynamics, including aviation. General 
sessions were also held. 
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In connection with the International Mathematical Congress to be 
held in Toronto on August 11-16, the American Section of the Inter- 
national Mathematical Union has extended its membership as provided 
under the general regulations governing that body. The previous 
members were as follows: 

The Presidert of this Society, ex officio: O. Veblen. 

The Secretary of this Society, ex officio: R. G. D. Richardson. 

Other representatives of this Society: L. P. Eisenhart, E. V. Huntington, 
H. F. Blichfeldt. 

Representative of the Mathematical Association of America: 
H. L. Rietz. 

The additional members of the Section recently appointed to serve 
from March to November, 1924, are as follows: 

By this Society: A. B. Coble, Arnold Dresden, L. E. Dickson, 
Virgib Snyder. 

By the Mathematical Association of America: R. C. Archibald, 
E. H. Moore, J. W. Young. 

By the National Academy of Sciences: E. H. Moore. 

By the American Astronomical Society: E. W. Brown. 

By the American Physical Society: Leigh Page. 

By the American Association for the Advancement of Science: 
G. A. Miller. 

The Section thus enlarged has elected the following persons from 
amoag its members to act as delegates to represent the United States 
at the quadrennial meeting of the International Mathematical Union, 
to be held at Toronto during the Congress: Coble, Eisenhart, Huntington, 
Richardson, Rietz, Snyder. The present officers of the American Section 
are E. V. Huntington, Chairman; H. L. Rietz, Secretary. 


The Royal Society of London will celebrate, on July 10 and 11, the 
centenary of Lord Kelvin’s birth. Sir J. J. Thomson will deliver a 
memorial address. 

Steps are being taken-to found a History of Science Society, for 
encouragement of the study of this subject and for the support of the 
journal Ists, now edited by Dr. George Sarton. Correspondence with 
regard to this Society may, for the present, be addressed to Professor 
David Eugene Smith, 525 West 120th Street, New York City. 

The gold medal of the Royal Astronomical Society has been awarded 
to Professor A. S. Eddington, for his work on star-streaming, on the 
internal constitution of a star, and on generalized relativity. 

Dr. Elihu Thomson, of the General Electric Company, has received 
the Kelvin gold medal, which was founded in 1914 by British and 
American engineers and is awarded triennially by the presidents of 
representative British societies. 
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Professors Niels Bohr and Albert Einstein have been elected foreign 
members of the Géttingen Academy of Sciences. 


Announcement has been made in this BuLtetrn (p. 90, Jan.—Feb., 
1924) that the fellowships administered by the National Research 
Council for physics and chemistry had been extended to include mathe- 
matics, and that the extension to mathematics had been placed in effect 
at once by a supplementary action. Under this action, the following 
persons have been appointed to National Research Fellowships in 
mathematics for the academic year 1924-1925 by the Research Fellow- 
ship Board: L. M. Graves (Ph. D., Chicago, 1924), Harry Levy, (Ph. D., 
Princeton, 1924), J. H. Taylor (Ph. D., Chicago, 1924), J. M. Thomas 
(Ph. D., Pennsylvania, 1923). The following persons have been reappointed 
as Fellows in mathematical physics: Herman Zanstra (Ph. D., Minne- 
sota, 1923), T. Y. Thomas (Ph. D., Princeton, 1923). 


At the request of the Commission on New Types of Examination of 
the College Entrance Examination Board, Professor L. P. Eisenhart of 
Princeton University has formed a committee to report on the validity 
of certain statistical methods used in the investigations of the Commission. 
The other members of the committee are Professors R. W. Burgess, W. 
L. Crum, E. V. Huntington, H. H. Mitchell, H. L. Rietz, and J. H. M. 
Wedderburn. 


Mr. W.E. Byrne, of Rennselaer Polytechnic Institute, has been awarded 
an American Field Service Fellowship for 1924-1925, for the study of 
mathematics at the University of Paris. Applications for such fellow- 
ships for 1925-1926 should reach Dr. I. L. Kandel, 525 West 120th Street, 
New York City, not later than December 15, 1924. 


Dr. Philip Franklin, now Benjamin Peirce teaching fellow at Harvard 
University, has been appointed instructor in mathematics at the Massachu- 
setts Institute of Technology for the year 1924-1925. 


At the University of Chicago, Associate Professor A. C. Lunn has 
been promoted to a full professorship of mathematics. Dr. Mayme I. 
Logsdon, instructor in mathematics, has recently been appointed to a 
deanship in the College of Science. 


Dr. Pauline Sperry, instructor in mathematics at the University of 
California, has been promoted to an assistant professorship. 


The death is announced, at the age of ninety-one years, of Gustave 
Eiffel, the French engineer, known for his work in aerodynamics. 


Professor R. E. Wilson, of Northwestern University, died December 30, 
1923, at the age of fifty-two. Professor Wilson had been a member of 
the American Mathematical Society since 1903. 


— 
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NEW PUBLICATIONS 
PART I. PURE MATHEMATICS 


APPELL (P.). Education et enseignement. Notices et discours. Paris, 
Alcan, 1922. 2 + 299 pp. 

ATANASSIEvITCH (X.). La doctrine métaphysique et géométrique - de 
Bruno, exposé dans son ouvrage “De triplici minimo.” Paris, Les 
Presses Universitaires de France, 1923. 156 pp. 

Bour (H.) og Motiervup (J.). Lerebog i matematisk Analyse. 4: Grund- 
trek af Leren om de kompleske Tal. Koebenhavn, Gjellerup, 1923. 
130 pp. 

Bore (E.). Eléments de la théorie des probabilités. 3e édition, revue 
et augmentée. Paris, Hermann, 1924. 6 + 246 pp. 

Cottinewoop (E.F.). See Vatrron (G.). 

CunnincHaM (A.J.C.). Binomial factorizations giving extensive con- 
gruence-tables and factorization-tables. Volume 1 ahd volume 4 (supp- 
lement to volume 1). London, Francis Hodgson, 1923. 96 + 288 
+6 + 160 pp. 

Drews (A.). Geschichte der Philosophie. Band 9: Die deutsche Philo- 
sophie der Gegenwart und die Philosophie des Auslandes. (Samm- 
lung Géschen.) Berlin, de Gruyter, 1922. 148 pp. 

Ever (L.). Opera omnia. Series I: Opera mathematica. VII: Com- 
mentationes algebraice ad theoriam combinationum et probabilitatum 
pertinentes. Edidit L. G. du Pasquier. Leipzig, Teubner, 1923. 
58 + 580 pp. 

Gorpon (W.). See RussExu (B.) 

Goursat (E.). Cours d’analyse mathématique. 4e édition revue et aug- 
mentée. Tome I. Paris, Gauthier-Villars, 1923. 674 pp. 

GumMBEL (E. J.). See (B.). 

HADAMARD (J.). Lectures on Cauchy’s problem in linear partial differ- 
ential equations. New Haven, Yale University Press, 1923. 10 +316 pp. 

Hart (I. B.). Makers ofscience: mathematics, physics, astronomy. London, 
Oxford University Press, 1923. 320 pp. 

Hivsert (D.). See (B.). 

HsJELMSLEV (J.). Tre Foredrag over Geometriens Grundlag. Kebenhavn, 
Gjellerup, 1923. 68 pp. 

HorrMann (A.). René Descartes. 2te, verbesserte Auflage. Stuttgart, 
Fr. Frommans Verlag, 1923. 198 pp. 

JUNKER (F.). Héhere Analysis. Band 2: Integralrechnung. 4te ver- 
besserte Auflage. (Sammlung Géschen.) Berlin, de Gruyter, 1923. 

von KEer&EKJARTO (B.). Vorlesungen iiber Topologie. Berlin, Springer, 
1923. 8 + 270 pp. 
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Keser (A.). See (0.). 

Knopp (K.). Aufgabensammlung zur Funktionentheorie. Teil 1. (Samm- 
lung Géschen.) Berlin, de Gruyter, 1923. 136 pp. 

Konorsk1 (B. M.). Die Grundlagen der Nomographie. Berlin, Springer, 
1923. 3 + 86 pp. 

LEBESGUE (H.). Notice sur les travaux scientifiques de M. Henri Lebesgue. 
Toulouse, Privat, 1922. 4to. 92 pp. 

(A. J.). Foérelasningar i matematik. Stockholm, Teknolo- 
gernas Handelsférenings Forlag, 1923. 16 + 704 pp. 

MATHEMATICAL AssocraTIoN. The teaching of geometry in schools. 
A report prepared by the (British) Mathematical Association. London, 
Bell, 1923. 74 pp. 

(J.). See Bonr (H.). 

Mrica (1.). Théoreme de Fermat. 3e édition. Bucarest, Cartea Roma- 
neasca, 1923. 8 pp. 

(N. E.). Videnskabelige Causerier. Kebenhavn, Gjellerup, 1923. 
125 pp. 

pu Pasquier (L. G.). See EuLer (L.). 

Prer (T. E.). The Rhind mathematical papyrus: British museum 10057 
and 10058. Introduction, transcription, translation and commentary. 
Liverpool, University Press, 1923. 4+ 136 pp. + 24 plates. 

PickeN (D. K.). The number system of arithmetic and algebra. Mel- 
bourne, University Press, 1923. 8 + 76 pp. 

Russet (B.). Einfiihrung in die mathematische Philosophie. Ins Deutsche 
iibertragen von E. J. Gumbel and W. Gordon. Mit einem Vorwort 
von David Hilbert. Miinchen, Drei Masken Verlag, 1923. 8 + 212 pp. 

ScHALLER (J. G.). Beweis der Richtigkeit des “Grossen Fermatschen 
Satzes”. Grabow, Selbstverlag, 1922. 23 + 14 + 15 pp. 

ScuLomitcH (0.). Kompendium der héheren Analysis. Band 1. In 
6te Auflage bearbeitet von A. Kneser. Braunschweig, Vieweg, 1923. 
10 + 619 pp. 

SILBERSTEIN (L.). Synopsis of applicable mathematics. New York, Van 


Nostrand, 1923. 11 + 250 pp. $4.50 
SOMMERVILLE (D. M. Y.). Analytical conics. London, Bell, 1924. 
7 +310 pp. 


Tannery (P.). Mémoires scientifiques. Tome V: Sciences exactes au 
moyen age. Paris, Gauthier-Villars, 1922. 26 + 384 pp. 

ToxELui (L.). Fondamenti di calcolo delle variazioni. Volume 2. 
Bologna, Zanichelli, 1923. 8 + 660 pp. 

Vartron (G.). Lectures on the general theory of integral functions. 
Lectures given at the University College of Wales (Aberystwyth) 
in 1922, translated by E. F. Collingwood. Preface by W. H. Young. 
Toulouse, Privat, and Cambridge, Deighton Bell, 1923. 11 + 208 pp. 

Youne (W.H.). See Variron (G.). 
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PART II. APPLIED MATHEMATICS 


Amoroso (L.). Lezioni di matematica finanziaria. Volume II. -Napoli, 
Majo, 1923. 466 pp. 

Anpoyer. (H.) et Lampert (A.). Cours d’astronomie. 2e édition 
entiérement refondue. Partie 2: Astronomie pratique. Paris, 
Hermann, 1924. 316 pp. 

BavupiscuH (H.). See Grossi (R.). 

BacuMANN (L.). Das Schachspiel und seine historische Entwicklung. 
Leipzig, Teubner, 1923. 

Bites (J. H.). The design and construction of ships. Volume 1: 
Calculations and strength. 3d edition. Volume 2: Stability, resi- 
stance, propulsion, and oscillation of ships. 2d edition. London, 
C. Griffin, 1923. 448 + 428 pp. 

Bore (E.). Traité du calcul des probabilités et des ses applications. 
Tome III, fascicule 1: Assurances sur la vie. Calcul des primes. 
Par H. Galbrun. Paris, Gauthier-Villars, 1924. 311 pp. 

Born (M.). Atomtheorie des festen Zustandes. (Dynamik des Kristall- 
gitter.) Leipzig und Berlin, Teubner, 1923. 

TycHonis BRAHE opera omnia. Edidit I. L. E. Dreyer. Tomus 10. 
Hauniz, Gyldendal, 1923. 

CALLANDREAU (E.). See CrEAGER (W. P.). 

CASTELNUOVO (G.). Spazio a tempo, secondo le vedute di Einstein. 
Bologna, Zanichelli, 1923. 

Cuwotson (0. D.). Lehrbuch der Physik. Band 3, Abteilung 2: Die 
Lehre von der Warme. Herausgegeben von G. Schmidt. Braun- 
schweig, Vieweg, 1923. 

Coteman (G. S.). Hydraulics applied to sewer design. London, 
C. Lockwood, 1923. 8 + 150 pp. 

Corvisy (A.). See Nernst (W.). 

CrEAGER (W.P.). La construction des grands barrages en Amérique. 
Traduit de l’anglais par E. Callandreau. Paris, Gauthier-Villars, 


1923. 243 pp. 
Davey, (N.). Studies in tidal power. London, Constable, 1923. 13 + 
255 pp. 


Dreyer (I. L. E.). See 

Duncan (J.) and Srariine (S. G.). A text book of physics. Parts 
2-3: Heat and light. London, Macmillan, 1923. 

EppineTon (A. S.). Raum, Zeit und Schwere; ein Umri6 der all- 
gemeinen Relativitatstheorie. Ins Deutsch iibertragen von W. Gordon. 
Braunschweig, Vieweg, 1923. 8 + 204 pp. 

Fiemine (J. A.). Electrons, electric waves and wireless telegraphy. 
London and New York, Wireless Press, 1923. 8 + 326 pp. 
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Forestier (A.). L’énergie rayonnante. Paris, A. Blanchard, 1923. 
64 pp. 

FRANKLIN (W.S.) and MacNutt (B.). Heat. A text book for colleges 
and technical schools. Lancaster, Pa., 1923. 8 + 187 pp. 

GatBrun (H.). See Boren (E.). 

GANDILLoT (M.). Liillusion d’Einstein. Paris, Vuibert, 1923. 18 pp. 

Gisss (W, E.). Clouds and smokes. The properties of disperse systems 
in gases and their practical applications, London, Churchill, 1923. 
13 + 240 pp. 

Gorpon (W.). See Eppinerton (A. S.). 

Graetz (L.). Die Atomtheorie in ihrer neuesten Entwicklung. Sechs 
Vortrage. 4te, vermehrte Auflage. Stuttgart, Engelhorn, 1922. 
8+ 100 pp. 

Grosst (R.) und Baupiscu (H.). Mechanik der fliissigen Kérper. 
2te Auflage. Leipzig und Wien, Deuticke, 1922. 9 + 280 pp. 

Hotst (H.). See Kramers (H. A.). 

Huppy (E. H.). Mechanical engineering formulae. London, Spon, 1923. 
167 pp. 

Janet (P.). Lecons d’électrotechnique générale. Tome 3. 5e édition. 
Paris, Gauthier-Villars, 1923. 

JARRE (V.). Dualité de la matiére. Essai sur le mécanisme du renou- 
vellement des mondes. Paris, Alcan, 1923. 304 pp. 

Kramers (H. A.) and Horst (H.). The atom and the Bohr theory of 
its structure; an elementary presentation. Translated from the 
Danish by R. B. Lindsay and R. T. Lindsay. London, Copenhagen, 
and Christiania, Gyldendal, and New York, Knopf 1923. 13+ 210 pp. 

LaCour (A.). Die Gleichstrommaschine. Band 1: Theorie und Unter- 
suchung. Bearbeitet von J. L. LaCour. 3te vollstandig umgearbeitete 
Auflage. Berlin, Springer, 1923. 12 + 728 pp. 

LaCour (J. L.). See LaCour (A.). 

LapenBuRG (R.). Die Grundlagen der Quantentheorie und ihre ex- 
perimentelle Priifung. Leipzig, Barth, 1923. 45 pp. 

LAMBERT (A.). See ANDOYER (H.). 

Lewis (G. N.). Valence and the structure of atoms and molecules. New 
York, Chemical Catalogue Company, 1923. 172 pp. 

LILIENTHAL (G.). Vom Gieitflug zum Segelflug. Flugstudien auf Grund 
zahlreicher Versuche und Messungen. Berlin-Charlottenburg, Volck- 
mann, 1923. 159 pp. 

Linpsay (R. B.). See Kramers (H. A.). 

Linpsay (R. T.). See Kramers (H. A.). 

Lorentz (H. A.). Clerk Maxwell’s electromagnetic theory. (Rede Lec- 
ture.) Cambridge, University Press, 1923. 35 pp. 

MacNutrt (B.). See FRANKLIN (W. S.). 

Marcotoneo (R.). Relativita. Messina, Principato, 1921. 7 + 192 pp. 
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Nernst (W.). Traité de chimie générale. Traduction A. Corvisy. 
2e édition frangaise complétement refondue d’aprés la 10e édition 
allemande. Tome 1: Les propriétés générales des corps. Atome 
et molécule. Tome 2: Transformations de la matiére et de l’énergie. 
Paris, Hermann, 1922-1923. 8 + 620 + 500 pp. 

Nicnoitson (J. W.). See Scuuster (A.). 

PEARL (R.). Introduction to medical biometry and statistics. Phila- 
delphia and London, W. N. Saunders, 1923. 379 pp. 

PEeTRASCHEK (K. 0.). Der Grundwiderspruch in der speziellen Rela- 
tivitatstheorie und seine Folgen. Leipzig, Hillmann, 1922. 76 pp. 

Prianck (M.). Vorlesungen iiber die Theorie der Warmestrahlung. 
5te, abermals umgearbeitete Auflage. Leipzig, Barth,1923.10+-221 pp. 

PRINGSHEIM (P.). Fluorescenz und Phosphorescenz im Lichte der neueren 
Atomtheorie. 2te, verbesserte Auflage. Berlin, Springer, 1923. 
8 + 228 pp. 

Quint (H.). Die Relativitaitstheorie. Ein Blick in die Welt Einsteins. 
Leipzig und Wien, Anzengruber Verlag, 1923(?). 96 pp. 

Rosrnson (G.). See WHITTAKER (E. T.). 

Rose (W. N.). Line charts for engineers. London, Chapman and Hall, 
1923. 12+ 95 pp. 

Rovucs (J.). L’atmosphére et la prévision du temps. Paris, Armand 
Colin, 1923. 206 pp. 

Ryxanps (L. G.). Examples in mechanics. Manchester and London, 
J. Heywood, 1923. 146 pp. 

Scumipt (G.). See Cuwonson (0. D.). 

ScHERESCHEWSKY (P.) et WEHRLE (P.). Les systémes nuageux. Paris, 
Chiron, 1923. 16+ 77 pp. 

ScHOENFLIEs (A.). Theorie der Kristallstruktur. Ein Lehrbuch. Berlin, 
Gebriider Borntraeger, 1923. 12 + 555 pp. 

ScHROETER (J.). Haandbog i kronologi. D. 1. Kristiania, Cammermyers 
Boghandel, 1923. 4+ 210 pp. 

(W. 0.). Elektrische Durchbruchfeldstarke von Gasen. 
Theoretische Grundlagen und Anwendung. Berlin, Springer, 1923. 
7 + 246 pp. 

Scuuster (A.). An introduction to the theory of optics. 3d edition, 
revised and enlarged by the author and J. W. Nicholson. London, 
Arnold, 1924. 15 + 397 pp. 

Sewarp (H.L.). See Hewes (L. 

Suaw (N.). Forecasting the weather. 2d edition, revised and enlarged. 
London, Constable, 1923. 43 + 584 pp. 

SmitH (W. G.). Engineering kinematics. New York and London. 
McGraw-Hill, 1923. 10 -+ 282 pp. 

Smits (A.). La théorie de l’allotropie. Traduit par J. Gillis. Paris, 

Gauthier-Villars, 1923. 19 + 523 pp. 
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